Mathematica 11.3 Integration Test Results

Test results for the 358 problems in "4.1.3.1 (a+b sin)"m (c+d sin)*n
(A+B sin).m"

Problem 1: Unable to integrate problem.
J(dsin[ewa])" (a+asinfe+fx])® (A+BSin[e+fx]) dx
Optimal (type 5, 373 leaves, 7 steps):

a®> (B (27+14n+2n?) +A (28+15n+2n?)) Cos[e+fx] (dSin[e+fx])1*”
d'F<2+n> (3+n) (4+n)

+

(a3 (B(15+19n+4n?) +A (20+21n+4n%)) Cos[e+fx]

X 1 1+n 3+n X ) X 1en
Hypergeometric2F1| =, , , Sinfe + fx]?] (dsin[e+fx]) )/
2 2 2

(d-F(1+n) (2+n) (4+n)+/Cos[e+fx]?

+ [a3 (B(9+4n)+A(11+4n)) Cos[e+fx]

. 1 2+n 4+n . 2 . 2+n
Hypergeometric2F1| =, , , Sinfe + fx]?] (dsin[e+fx]) )/
2 2 2

{dz-F(2+n) (3+n) COS[e+-Fx}2)_aBCOS[e+-FX] (dsinfe+fx])t" (a+aSin[e+Fx})2_
df (4+n)

(A (4+n) +B (6+n)) Cos[e+fx] (dSin[e+-Fx])1+n (a®+a’sin[e+fx])
df (3+n) (4 +n)

Result (type 9, 68520 leaves) : Display of huge result suppressed!

Problem 2: Unable to integrate problem.

J(dsin[ewa])" (a+aSin[e+-Fx])2 (A+BSin[e+fx]) dx

Optimal (type 5, 277 leaves, 6 steps):
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a2 (A(3+n)+B(4+n)) Cosle+fx] (dSin[e+-Fx})1+”
- +

d'F<2+n) <3+n>

1 1+n 3+n . )
=, , —, Sinfe+ fx]?]
2 2 2

(az (2B (1+n) +A (3+2n)) Cos[e+fx] Hypergeometric2F1|

+

(dSin[e+-Fx})1*“)/(df<1+n> (2+n) ~/Cos[e+fx]?

(az (2A (3+n) +B (5+2n)) Cos[e+fx] Hypergeometric2F1| —, B , Sinfe+fx]?|
2

N
N

(dsinfe +fx] )2”'

/(dzf(2+n) (3+n)~/Cos[e+fx]?

B Cos[e + fXx] (dSin[eJr-Fx})1+n (a?+a%sinfe+fx])

d'F<3+n>

Result (type 9, 25571 leaves) : Display of huge result suppressed!

Problem 3: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(dsin[em‘:x])” (a+asinfe+fx]) (A+BSinf[e+fx]) dx

Optimal (type 5, 191 leaves, 5steps):
aBCos[e+fx] (dSin[e+fx])""

- +

d'F<2+n>

X 1 1+n 3+n . )
a(B(1+n)+A(2+n)) Cos[e+fx] Hypergeometric2F1| ~, s , Sinfe+ fx]?]
2 2 2

+

(dSin[e+fx})1*”)/(df<1+n> (2+n)/Cos[e+fx]?

a (A+B) Cos[e+fx] HypergeometricZFl[i, 2;", 4?”, Sinfe+fx]?] (dsin[e+fx] )2”'

d?f (2+n)+/Cos[e+fx]?

Result (type 5, 392 leaves):
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1
f (Cos[% (e+Fx)] +Sin[§ (e+fx)])2

2—2—naej1fnx <1_ezi(e+fx)>*n (—Jiefﬁ (e+f x) (_1+ezi(e+fx)>>n

2 (A+B) et (e+F (Lem) x) Hyper‘geometr‘iCZFl[% (-1-n), -n, 1?n’ @2 (er¥x |

1+n

2 (A+B) e (¢F (1M Hypergeometric2F1[£8, —n, 28, e2F (0]

4
-1+n
(B e i (e (2:M %) Hypergeometric2F1[-1 - g, -n, - 3, @2 (e+fx) ] 1
1 +
2+n (-2+n)n
e—i'an

‘ n
Be?* (¢*fX) nHypergeometric2F1[1- —, -n, 2-

E, (esz (e+fx)] _
2 2

, eZi(e+fx)])J]

n
2 (2A+B) (-2+n) Hypergeometric2F1|-n, P 1-

NS

Sin[e+fx] ™" (dSin[e+fx])" (1+Sin[e+fx])

Problem 4: Unable to integrate problem.

(dsinfe+fx])" (A+BSin[e+fx])
J dx

a+aSinfe+ fx]
Optimal (type 5, 202 leaves, 4 steps):

. 1 1+n 3+n i ) . 1+n
[(BfAn+Bn)Cos[e+fx] Hypergeometric2F1[ =, s , Sinfe+fx]?] (dSinfe+fx]) J/

2 2 2
(adwc (1+n) Cos[e+fx}2)+

i 1 2+n 4+n .
((A—B) (1+n) Cos[e+fx] Hypergeometric2F1[ =, s , Sinfe + fx]?|

2 2 2

(dSin[e+Fx1)2*”)/ (ad21c (2+n)+/Cos[e+fx]?

(A-B) Cos[e+fx] (dSinfe+fx])™"
N

df (a+asSinfe+fx])
Result (type 8, 35leaves):
j(dsin[eJrfx])“ (A+BSin[e+fx])

dx
a+aSinfe+ fx]

Problem 5: Unable to integrate problem.

J(dsin[ewa])“ (A+Bsin[e+fx]) 5
X
(a+asSinfe+fx])?

Optimal (type 5, 279 leaves, 5steps):

| 3
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A 1 1+n 3+n X )
—((n (A-2An+2B (1+n)) Cos[e+fx] Hypergeometric2F1| =, , —, Sinfe+ fx]?|
2 2 2

)+
((1+n) (B+2A (1-n) +2Bn) Cos[e+fx] Hypergeometr‘icZFl[l, 2+n’ 4+n, Sinfe+fx]?]
2 2 2

(dSin[eﬂcx])l*“)/ (3a2df (1+n)+/Cos[e+fx]?

+

(dSin[ewa])Z*”)/ (Bazdzf (2+n) +/Cos[e+fx]?

(B+2A (1-n) +2Bn) Cos[e+fx] (dSin[e+-Fx])1+"

+

3a?df (1+Sinfe+fx])

(A-B) Cos[e+fx] (dSinfe+fx])™"

3df (a+asSinfe+fx])?

Result (type 8, 35leaves):

(dSinfe+fx])" (A+BSin[e+fx])
J dx

(a+asinfe+fx])?

Problem 6: Unable to integrate problem.

(dsinfe+fx])" (A+BSin[e+fx])
J dx

(a+aSin[e+-Fx])3

Optimal (type 5, 362 leaves, 6 steps):

2 2 . 1 1+n
~|[n(B(3-n-4n%) +A(2-9n+4n?)) Cos[e+fx] Hypergeometric2F1[ =, ,
2 2

ﬂ, Sinfe+fx]?] (dSin[e+-Fx})1*”)/(15a3df(1+n) Cos[e+fx]?
2

]+
((1—n) (1+n) (7A+3B-4An+4Bn) Cos[e+fx] Hypergeometric2Fi |

1 2+n 4+n
=, 2 T sinfe s £x17] (dﬁn[eﬁx])“)/
27 2 2

(A-B) Cos[e+fx] (dSinfe+fx])""

+ +

5d-F<a+aSin[e+1‘:x1)3

(15a3d21c (2+n)+/Cos[e+fx]?

(A(5-2n) +2Bn) Cos[e+fx] (dSin[e+fx])""

+

15adf (a+aSin[e+1“x])2

(1-n) (7A+3B-4An+48Bn) Cos[e+fx] (dSin[e+fx])*"

15df (a®+a’Sinf[e+fx])

Result (type 8, 35leaves):

(dsinfe+fx])" (A+BSin[e+fx])
J dx

(a+asinfe+fx])?
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Problem 7: Result more than twice size of optimal antiderivative.

J(dsin[ewa])” (a+aSin[e+1‘x])5/2 (A+BSin[e+fx]) dx

Optimal (type 5, 336 leaves, 6 steps):

7({2a3 (2B (115+203n+104n*+16n°) + A (301 +478n+224n”>+32n)) Cos[e + fx]

1 3
Hypergeometric2F1[ =, -n, =, 1-Sin[e+fx]| Sin[e+fx] ™" (d Sin[e+fx])”]/
2 2

(£ (3+2n) (5+2n) (7+2n) Varasinfefx] )) .

(2a3 (2B (35+23n+4n%) +A (77 +50n+8n%)) Cos[e + fx] (dSin[ewa])l*")/

(df(3+2n) (5+2n) (7+2n)a+aSin[e+fx] )—

(Za2 (2B (5+n) +A (7+2n)) Cos[e+fx] (dSin[e+fx])1*”\/a+aSin[e+-Fx] )/
(df (5+2n) (7+2n)) -
2aBCos[e+fx] (dSin[eJr-Fx])1+n (a+aSin[e+-Fx])3/2

df(7+2n)

Result (type 5, 791 leaves):
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1

5

-F\/Sec[% (e+-FxH2 (Cos{% (e+Fx)] +Sin[% (e+-Fx)])

21+nsec[1 (e+fx)]|sin[e+fx] ™ (dSinfe+fx])" (a (1+Sin[e+fx}))5/z
2
Tan[Y (e+Ffx " n
Tan[l(ewa)] [2( ) (1+Tan[1<e+fx)]2)
2 1+Tan[i(e+fx)]2 2

AHypergeometric2Fi | 1;” s % +n, 3;” , -Tan [i (e+Fx) ]2} 1
N

1+n 2+n

(5A+2B) Hypergeometric2F1[1 + E, 2+n, 2+ E, —Tan[l (e+-FxH2] Tan{l (e+fx)]+
2 2 2 2 2
. 3+n 9 5+n 1 2 1 2
11 AHypergeometric2F1 | , —+n, —, -Tan[ = (e+-FxH | Tan[ = (e+-FxH +
3+n 2 2 2 2 2
. 3+n 9 5+n 1 2 1 2 1
10 B Hypergeometric2F1 | , —+n, —, -Tan[ = (e+fx)| | Tan[= (e+Fx) | +
3+n 2 2 2 2 2 4 +n
. n 9 n 1 2 1 3
5 (3A+4B) Hypergeometric2F1[2 + >’ ;+n, 3+;, —Tan[; (e+fx)] }Tan[; (e+Fx)] +
15AHyper‘geometr‘ic2F1[g+n, 5+—n, 7+n, —Tan{E (e+fx”2] Tan{l (e+fx”4+
5+n 2 2 2 2 2
9 5+n 7+n 1 2 1 4
20 B Hypergeometric2F1[ = +n, s , -Tan[ = (e+fx)]| | Tan[= (e+Fx)]| +
5+n 2 2 2 2 2
. n 9 n 1 2 1 5
11 AHypergeometric2F1[3+ —, —+n, 4+ —, -Tan|[ = (e+fx) || Tan|= (e+fx) ]| +
6+n 2 2 2 2 2
n 9 n 1 2 1 5
10 B Hypergeometric2F1[3+ —, —+n, 4+ —, -Tan|[ = (e+fx) || Tan| = (e+fx) ]| +
6+n 2 2 2 2 2
5AHyper‘geometr‘ic2F1[g+n, 7+n, 9+n) —Tan[l (e+fx)]2} Tan[l (e+-Fx)]6+
7 +n 2 2 2 2 2
. 9 7+n 9+n 1 2 1
2 B Hypergeometric2F1[ = +n, s , -Tan[= (e+fx) || Tan[= (e+Fx)]| +
7+n 2 2 2 2 2
. n 9 n 1 2 1 7
AHypergeometric2F1[4+ —, ~+n, 5+ —, -Tan|[ = (e+fx)| | Tan| = (e +fx)]
8+n 2 2 2 2 2

Problem 8: Result more than twice size of optimal antiderivative.

J(dsin[e+fx])” (a+asinfe+fx])*? (A+BSin[e+fx]) dx

Optimal (type 5, 229 leaves, 5steps):
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7((2a2 (2B (9+13n+4n?) +A (25+30n+8n%)) Cos[e+fx]

1 3
Hypergeometric2F1[ =, -n, ~, 1-Sin[e+fx]| Sin[e+fx] ™" (d Sin[e+fx])”]/
2 2

(f(3+2n) (5+2n)+a+asSin[e+fx] )) -

2a% (2B (3+n) +A (5+2n)) Cos[e+fx] (dSinfe+fx])™"

df (3+2n) (5+2n)/a+aSin[e+fx]

2aBCos[e+fx] (dSin[e+-Fx])1+”\/a+asin[e+1‘x]
df (5+2n)

Result (type 5, 575leaves):
1

-F\/Sec[% (e+-FxH2 (Cos{% (e+Fx)] +Sin[% (e+-Fx)]>3

21+n5ec[1 (e+fx)]|sin[e+fx] ™" (dSinfe+fx])" (a (1+Sin[e+fx}>)3/z
2

Tan[i(eJrfo "

Tan[1 (e+-Fx)]

A (1+Tan[1(e+fx)]2)n

2

1+Tan[i (e+fx)]2

AHypergeometric2F1[ 1™, 7 +n, >0, _Tan [i (e+Fx) ]2] 1

2’ 2 2 .
1+n 2+n
n 7 n 1 2 1
(3A+2B) Hypergeometric2F1[1+ —, —+n, 2+ —, -Tan| = (e+fx) ] | Tan[ = (e+fx) | +
2 2 2 2 2
3+n 7 5+n 1 2 1 2
4 AHypergeometric2F1| , —+n, —, -Tan[ = <e+-Fx)] | Tan[ = <e+-Fx)] +
3+n 2 2 2 2
. 3+n 7 5+n 1 2 1 2 1
6 B Hypergeometric2F1| , —+n, , -Tan[= (e+fx) || Tan[= (e+Ffx) | +
3+n 2 2 2 2 2 4 +n
. n 7 n 1 2 1 3
2 (2A+3B) Hypergeometric2F1[2+ —, —+n, 3+ —, -Tan| = (e+fx) ] | Tan[ = (e+fx)]| +
2 2 2 2 2
. 7 5+n 7+n 1 2 1 4
3 AHypergeometric2F1[ — +n, B ,-Tan| = (e+fx) | | Tan[ = (e+fx)] +
5+n 2 2 2 2 2
. 7 5+4n 7+n 1 2 1 4
2 B Hypergeometric2F1[ — +n, , ,—Tan[7<e+fx)] }Tan[7<e+fx)] +
5+n 2 2 2 2 2

. n 7 n 1 2 1 5
AHypergeometric2F1[3+ —, —+n, 4+ —, -Tan|[ = (e+fx)| | Tan| = (e +fx)]
6+n 2 2 2 2 2

Problem 9: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j(dsin[eﬂcx])”\/a+aSin[e+fx} (A+Bsin[e+fx]) dx
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Optimal (type 5, 137 leaves, 4 steps):

,([Za (2B (1+n) +A(3+2n)) Cos[e+fx]

1 3
Hypergeometric2F1[ =, -n, =, 1-Sin[e+fx]| Sin[e+fx] ™" (d Sin[e+fx])”]/
2 2

2aBCos[e+fx] (dSin[eJr-Fx])1+n

(f(3+2n) vJa+aSinfe+ fx] )) -

df (3+2n)Va+asSin[e+fx]

Result (type 5, 409 leaves):
1

Cos[i (e+fx)] +Sin[§ (e+Fx)]

(1+j_> 2—2—n e*“Teﬁﬂch (1_e21'1 (e+fx)>-n (_]-]_e—jl (e+f x) <_1+(e211 (e+‘Fx))>n

! 2B<e’;’j“c<3*2n)"Hyper‘geometr‘icZFl[l (-3-2n), -n, 1 (1-2n), et (eF0 ],
f(3+2n) 4 4
2eie [ 1 i <2A+B) e%if(lun)x
f+2fn

(—1—2n), -n, l (3—2n), (eu(e“cx)} + e§1(2e+f (1-2n) x)

Hypergeometric2F1|
4

I
|

[_ (2A+B) (-3+2n) Hypergeometric2F1[ = (1-2n), -n, = (5-2n), e *F0 ], iB

RPN

1

4

e' (¢FX) (-1 2n) Hypergeometric2F1[~ (3-2n), -n, 1 (7-2n), e** (e*‘:X)]])/
4 4

(f(-3+2n) (—1+2n))) Sinfe+fx]™" (dSin[e+Fx}>”\/a (1+sinfe+fx])

Problem 10: Result more than twice size of optimal antiderivative.

(dSinfe+fx])" (A+BSin[e+fx])
J dx

va+aSinfe + fx]
Optimal (type 6, 152 leaves, 9 steps):

—([(A—B)AppellFl[l, -n, 1, = & ,1-Sinfe+fx], ~ (1-Sinfe+fx])]|
2 2

N |

Cos[e+fx] Sinfe+fx] ™" (dSin[e+fx] J/ f\/a+a51n [e+fx] )) -

1 3
(ZBCos[e+-Fx] Hypergeometric2F1[ =, -n, =, 1-Sin[e+fx]| Sin[e+fx] ™" (dSin[e + fx] )”J/
2 2

(-F\/a+asin[e+fx] )

Result (type 6, 818 leaves):
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1 2

Sec[e+fx]Sin[e+fx] " (dSin[e+fx])" (1+Sin[e+fx])

-F\/a (1+sinfe+fx])

[Bsin[e+fx}”

1 1
4aAppellF1[1, —, -n, 2, — (1+Sin[e+fx]), 1+Sin[e+fx]|
2 2

/

1 1
8aAppellF1[1, —, -n, 2, — (1+Sinfe+fx]), 1+Sinfe+fx]] +
2 2

1 1
a (-4nAppe11F1[2, ~,1-n,3, = (1+Sin[e+fx]), 1+Sin[e+fx]| +
2 2

3 1
AppellF1[2, =, -n, 3, = (1+Sinfe+fx]), 1+Sin[e+fx]]| (1+Sin[e+Ffx]) |+
2 2
1 1 1 2 1
((—1+2n) AppellFl[-=-n, - =, -n, = -n, B
2 2 2 1+Sinfe+fx] 1+Sinf[e+fx]
(-1+sinfe+fx]) /((1+2n>
1 1 3 2 1
(2 (n AppellFl[f—n, -—1-n, —-n, R ] +Appe11F1[
2 2 2 1+Sinfe+fx] 1+Sinf[e+fx]
1 1 3 2 1
~-n, =, -n, —-n, s ]|+ (-1+2n) AppellF1]
2 2 2 1+Sinfe+fx] 1+Sin[e+fx]
1 1 1 2 1 ]
-=-n,-—, -n, —-n, s | (1+sinfe+fx]) )]Jr
2 2 2 1+Sinfe+fx] 1+Sinf[e+fx]
1 1
A {(4Appe11F1[1, =, -n,2, = (1+Sinfe+fx]), 1+Sinfe+fx]] (-Sin[e+Ffx])™"
2 2

(—Sin[e+1:x12)n)/ (SAppellFl[l, l, -n, 2, = (1+Sinfe+fx]), 1+Sinfe+fx]]| -
2

— Nk

1 1
(4nAppe11F1[2, =,1-n,3, — (1+Sinfe+fx]), 1+Sinfe+fx]] -
2 2

AppellF1[2, =, -n, 3,

P

3
= 1+Sinfe+fx]), 1+Sinfe+fx]]| (1+Sinfe+fx]) |-
2

1 2 1

2 1+Sin[e+fx] 1+Sin[e+fx]

N[RN[R

1
((71+2n) AppellF1l[- = -n, -
2

(-1+sinfe+fx]) Sinfe+fx]" (1+2n)

1 1 3 2 1
(2 (n AppellFl[=-n, - =, 1-n, = -n, s | + AppellF1]
2 2 2 1+Sinfe+fx] 1+Sin[e+fXx]
3 2 1
= n, s ||+ (-1+2n) AppellF1]
2 1+Sinfe+fx] 1+Sin[e+ fx]
. I
2

1
= _n,
2

> —N,

2 1 .
-n, s | (1+sinfe+fx])
1+Sinfe+fx] 1+Sin[e+ fx]

> — N,

N R NR

1
_—_n’ —
2

Problem 11: Result more than twice size of optimal antiderivative.

(dsinfe+fx])" (A+BSin[e+fx])
J dx

(a+asinfe+fx])>?

Optimal (type 6, 226 leaves, 10 steps):
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(A-B) Cos[e+fx] (dSin[eJrFx])l*n

2df (a+asSinfe+fx])>?

1
((A—4An+B (3+4n)) AppellF1[—, -n, 1,
2

N W

,1-Sinfe+fx], — (1-Sinfe+fx])]

N |

Cos[e+fx]Sin[e+fx]™" (dSin[eH‘:x})"J/ (4af\/a+asin[e+1°x1 )—

, 1- Sln[e+fx]]

<]

1 3

((A—B) (1+2n) Cos[e+fx] Hypergeometric2F1[~, -n, —
2 2

Sin[e+fx]™" (dSin[e+fx])”)/(2afx/a+a$in[ +fx

Result (type 6, 1568 leaves):

-n

/

~a+a (1+Sinfe+fx])
BCos[e+fx] Sin[e+fx]*" (dSin[e+fx])" (1+Sin[e+fx])

a

1
( (4 aAppellFl[1, =, -n, 2
2

N |

(1+sinfe+fx]), 1+Sin[e+fx]] (1+Sin[e+fx])

1 1
(SaAppellFl[l, —,-n, 2, — (1+Sinfe+fx]), 1+Sinfe+fx]] +

N
N

1
a (—4nAppellF1[2, ~,1-n, 3,
2

N |

(1+Sinfe+fx]), 1+Sinfe+fx]]+

3 1
AppellF1[2, =, -n, 3, = (1+Sin[e+fx]), 1+Sin[e+fx]] <1+Sin[e+fx]))—
2 2
1 1 2 1
((71+2n)AppellF1[ -n, -—=, -n, —-n, ,
2 2 1+Sinfe+fx] 1+Sin[e+ fXx]
(1+sinfe+fx]) (-2a+a (1+Sinfe+fx]) ) (1+2n
1 1 3 2 1
[Za[nAppellFl[— n,-=,1-n, =-n, s | + AppellF1]
2 2 2 1+Sinfe+fx] 1+Sin[e+ fx]
1 1 3 2 1
=-n, =, -n, =-n, , a(-1+2n) AppellF1|
2 2 2 1+Sinfe+fx] 1+Sin[e+fXx]
1 1 1 2 1 )
= n,-=, -n, =-n, , | (1+sinfe+fx]) ]+
2 2 2 1+Sinfe+fx] 1+Sin[e+fXx]
1 1 3 2 1
(2(73+2n)Appe11F1[—7n,7—,7n, = _n, s
2 2 2 1+Sinfe+fx] 1+Sin[e+ fx]

(-2a-a (1+Sin[e+fx])))/ [(71+2n>
1 5 2 1

ol 2 _n, , | + AppellF1|
2 2 1+Sinfe+fx] 1+Sin[e+ fx]

3 1 5 2 1

~-n, =, -n, =-n, s || +a (-3+2n) AppellF1]|
2 2 2 1+Sinfe+fx] 1+Sin[e+fXx]

,1*”,

3
[2 a [n AppellFl[=-n, -
2

1 3 2 1 .
=, -n, —-n, , ] (1+sinfe+fx])
2 2 1+Sin[e+fx] 1+Sin[e+fXx]

Zf\/ 1+Sinfe+fx]) (-a+a (1+Sinfe+fx]))
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2a? (1+Sinfe+fx]) - a? (1+Sin[e+fx])2

a2

L (-a+a (1+Sin[e+fx}))2
_ - +

ACos[e+fx] (dSin[e+fx])"

(1+sinfe+fx])
[—a+a (1+sin[e+fx])

-n

a

(1+Sinfe+fx]), 1+Sin[e+fx]]

2 1
4a® AppellF1[1, =, -n, 2,
2

N |

(-sinfe+fx]) ™" (1+Sin[e+fx])

a2

) (a-a <1+Sin[e+fx}>)2]n]/

1
(8aAppe11F1[1, ~,-n, 2, — (1+Sinfe+fx]), 1+Sin[e+fx] | +
2

N |

1
a (—4nAppellF1[2, Z,1-n, 3,
2

N =

(1+Sinfe+fx]), 1+Sinfe+fx]]+

AppellF1|2, 5, -n, 3, = (1+Sin[e+fx]), 1+Sin[e+fx]|
2

N |

2 1

1 1 1
(a (-1+2n) AppellF1[-=-n, - =, -n, —-n, s
2 2 2 1+Sin[e+fx] 1+Sin[e+fXx]

Sinfe+fx]" (1+Sin[e+fx]) (-2a+a (1+Sin[e+-Fx})))/((1+2n)

(1+sinfe+fx]) |-

1 1 3 2 1
[Za nAppellFl[f—n,—f,l—n, —-n, R }+AppellF1[
2 2 2 1+Sinfe+fx] 1+Sin[e+fx]
1 1 3 2 1
—-n, =, -n, —-n, , +a (-1+2n) AppellF1|
2 2 2 1+Sinfe+fx] 1+Sin[e+fx]
1 1 1 2 1 )
-=-n,-=,-n, —-n, , ](1+Sln[e+1‘x]) )—
2 2 2 1+Sinfe+fx] 1+Sin[e+fx]
1 1 3 2 1
(2a(—3+2n) AppellFl[~-n, - =, -n, = -n, s
2 2 2 1+Sinfe+fx] 1+Sin[e+fx]

Sinfe+fx]" (-2a+a (1+Sin[e+fx])))/ [(—1+2n)

3 1 5 2 1
[Za nAppellFl[f—n, -—y1-n, ——-n, R } +Appe11F1[
2 2 2 1+Sinfe+fx] 1+Sinf[e+fx]
3 1 5 2 1
—-n, —, -n, —-n, ) ] +a (—3+2n) AppellFl[
2 2 2 1+Sin[e+fx] 1+Sin[e+fXx]
1 1 3 2 1 )
—=-Nn, -——, -Nn, —-n, 5 } (1+Sln[e+‘FX}> /
2 2 2 1+Sin[e+fx] 1+Sinf[e+fXx]
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2a? (1+Sinfe+fx]) -a? (1+Sin[e+-Fx])2

2a2f\/a(1+Sin[e+fx]) ;
a

(-a+a (1+Sin[e+fx}))2

1-
aZ

Problem 12: Result more than twice size of optimal antiderivative.

j(dsin[eﬂcx])" (a+asSinfe+fx])" (A+BSin[e+fx]) dx

Optimal (type 6, 221 leaves, 9 steps):
T 1 1 3 . 1 .
-=2:"BAppellF1[~, -n, -~ -m, —, 1-Sinfe+fx], — (1-Sin[e+fx]) |
f 2 2 2 2
Cos[e+fx]Sin[e+fx] " (dSin[e+fx])" (1+Sin[e+-Fx})7i"m (a+asinfe+fx])"-
1 1 3 1
(A-B) AppellF1[—, -n, —-m, =, 1-Sin[e+fx], = (1-Sinfe+fx])]
2 2 2
Cos[e+fx] Sin[e+fx] ™" (dSin[e+fx])" (1+Sin[e+fx])’§’m (a+asinfe+fx])"

1
_2;+m

Result (type 6, 5918 leaves):
~ ( ]—I—Zm (Sec[l

-2-m
—e+£—1‘:x)]2
2

1 T
6Cos[7(—e+f—fx -
2 2 2

| (dSinfe+fx])" (a+aSinfe+fx])"

1 7
Sin| = (7e+—7fx
2

2
1 7T 2m 1 T 2m
(ACos[— (—e+——fx |" sinfe+fx]"+BCos|~ (—e+——-Fx ] Sln[e+fx}1*”]
2 2 2 2
1 3 1 T 2
([(A—B) AppellF1[ =, -n, 1+m+n, —, Tan|[ = [—e+——fx 1%
2 2 2 2
1 T 2 1 Tt 2
—Tan[—[—e+——fx]] ]Sec[—(—e+——fx]] /
2 2 2 2
(BAppellFl[l,—n,1+m+n, i, Tan[l(—e+£—fx]]2, —Tan[l(—e+£—fx)}2]—
2 2 2 2 2 2
3 5 1 s 2
Z(nAppellFl[—, 1-n,1+m+n, =, Tan[~ (—e+——fx)] s
2 2 2 2
1 7T 2 3 5
~Tan[ = [—e+——fx)] |+ (1+m+n) AppellFl[ =, -n, 2+m+n, —,
2 2 2 2
1 1 7T 2 1 7T 2
Tan[f(—e+f—-Fx ] ) —Tan[f [—e+f—fx)] })Tan[f (—e+f—-Fx } ]+
2 2 2 2 2
1 3 1 7T 2 1 s 2
(ZBAppellFl[f, -n, 2+m+n, —, Tan[f [—e+f—fx } R —Tan[f (—e+f—fx ] ]]/
2 2 2 2 2 2
1 3 1 7T 2 1 7T 2
(3Appe11F1[f, -n, 2+m+n, —, Tan[f (—e+f—fx ] , —Tan[f (—e+f—1‘x } ]—
2 2 2 2 2 2
3 5 1 s 2
Z[nAppellFl[f, 1-n,2+m+n, —, Tan[f (—e+f—-Fx ] R
2 2 2 2
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| w

,-h,3+m+n, —,

—Tan[1 [—e+£—fx)]2} +(2+m+n) AppellF1|
2 2 2

- N

1 2 1 T 2 1 Tt 2
Tan|— (—e+——fx | -Tan| = [—e+——fx)] ]Tan[— (—e+——fx ] ]J]/
2 2 2 2 2
1 7T -l-m 1
Sec[; (—e+;—fx)} J Sin[e+fx]" ([(A—B) AppellFl[E, -n, 1+m+n,
3 1 7T 1 s 2 1 7T 2
f,Tan[f —e+f—fx},—Tan[7(—e+f—-Fx] ]Sec[f —e+f—fx])/
2 2 2 2 2 2 2
1 1 7T 1 7T 2
[3AppellF1[—, -n, 1+m+n, ,Tan[— -e+—-fx } , —Tan[— -e+ —-fx ] }—
2 2 2 2 2
5 1 2
2 (nAppellFl[—, 1-n,1+m+n, =, Tan| = (7e+—7fx 1%
2 2 2
1 Tt 2 3 5
~Tan —(7e+—7fx |7} + (1+m+n) AppellF1[ =, -n, 2+m+n, =,
2 2 2 2
1 T 2 1 Tt 2 1 T 2
Tan|— [—e+——fx)] s —Tan[—(—e+——fx ] ]JTan[—(—e+——fx ] )+
2 2 2 2 2 2
1 3 1
(ZBAppellFl[—, -n,2+m+n, —, Tan| =~ (—e+——fx)] s
2 2 2

1 3 1 7T 2 1 7T 2
[3Appe11F1[—, -n, 2+m+n, —, Tan[~ (—e+——fx)} , -Tan[ = [—e+——fx]] | -
2 2 2 2 2

3 5 1 7T 2
Z(nAppellFl[—, 1-n,2+m+n, =, Tan[~ [—e+——fx)} s
2 2 2 2
1 7T 2 3 5
—Tan[f(—e+f—1:x)] ]+ (2+m+n) AppellF1][ =, -n, 3+m+n, —, Tan|
2 2 2 2
1 7T 2 1 7T 2 1 7T 2
7(—e+f—-Fx } N —Tan[f [—e+f—fx ] ]]Tan[f (—e+f—fx } ])—
2 2 2 2 2 2
1 b 2\ 2" B 1 7T
6nCosfe+fx] |Sec|— (—e+——1=x ] ) Sinfe+fx] " Tan[ = (—e+——-Fx ]
2 2 2 2
1 3 1 2
(((A—B) AppellFl[ =, -n, 1+m+n, —, Tan|[ = (—e+ -fx|]7,
2 2 2

]2] Sec[% (—e+——-Fx

-Tan|

N |

b
(—e+——-Fx
2

[3Appe11F1[l, “n,l+m+n, z, Tan{l (—e+ E—-Fx)}z, —Tan[l [—e+ ——fx]]z} -
2 2 2 2

3 5 1 7T 2
Z(nAppellFl[—, 1-n,1+m+n, =, Tan[~ (—e+——fx)} s
2 2 2 2
1 s 2 3
—Tan{—(—e+——1°x)] |+ (1+m+n) AppellF1][ =, -n, 2+m+n, =,
2 2 2 2
1 7T 2 1 7T 2 1 7T 2
Tan[f [—e+f—fx)] ) —Tan[f(—e+f—Fx ] ]JTan[f(—e+f—-Fx ] J+
2 2 2 2 2 2
1 3 1 2
(ZBAppellFl[f, -n,2+m+n, —, Tan[f (—e+f—Fx ] R
2 2 2 2

1 7T
—Tan[f (—e+f—-Fx
2 2

1)/
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[3Appe11F1[l, -n,2+m+n, z, Tan{l (—e+ E—-Fx)}z, —Tan[l [—e+ E—fx]]z} -
2 2

2 2 2

3 5 1 7T 2
2 (nAppellFl{—, 1-n,2+m+n, =, Tan[~ (—e+——fx)} s
2 2 2

2

1 7T 2 1 7T 2 1 7T
7(—e+f—fx},—Tan[f[—eJrf—-Fx] }]Tan[f[—e+f—fx
2 2 2 2 2 2
1 7 2\ 72" 1 2

6 (-2-m) Sec[; (—e+g—-Fx ] ] Sln[e+-Fx]"Tan{; —e+ —-fx||

1 3 1
(((A—B) AppellF1[ =, -n, 1+m+n, —, Tan|[ = (—e+
2 2

T
2 2
—Tan[l(—e+z—fx ] ]Sec{l (—e+——fx }2/
2 2 2
1 3 1 7T 2 1
(BAppellFl[—, -n, 1+m+n, —, Tan| = (—e+——-Fx |5 -Tan| = [—e+——fx
2 2 2 2 2
3 5 1 2
Z(nAppellFl[—, 1-n,1+m+n, =, Tan| = [—e+——fx 1%
2 2 2
—Tan[l(—e+£—1‘:x)]2]+(1+m+n)Appe11F1[z,—n,2+m+n,
2 2 2
1 7T 2 1 s 2 1
Tan| ~ [—e+f—fx)] s —Tan[f(—e+f—1:x ] ]JTan[f(—e+f—-Fx
2 2 2 2 2
1 3 1 s 2
(2BAppe:|-1F1[7: -n, 2+m+n, —, Tan[*(—e+——-Fx ] R
2 2 2

1 7T
—Tan[f (—e+f—-Fx
2 2

1)/

1 3 1
[BAppellFl[f, -n,2+m+n, —, Tan[f
2 2 2

7 2
(—e+f—-Fx } B —Tan[
2

I,

3 5 1 b
2 (nAppellFl[f, 1-n,2+m+n, —, Tan[f (—e+f—fx
2 2 2

2

7
—Tan[f (—e+f—-Fx
2

1 7T 2 1 7 2 1 7T
= (7e+—7fx | -Tan|[ = (—e+——fx ] }]Tan[— (7e+—7fx
2 2 2 2 2 2
1 7 2\ m 1 Vs
6 |Sec[~ |-e+ = -Ffx|] ) Sinfe+fx]"Tan[~ [-e+ = - fx]||
2 2 2 2
1 3 1 T 2
(((AB) AppellFl[ =, -n, 1+m+n, —, Tan[ = (7e+—7fx 1
2 2 2 2
1 7T 1 7T 2 1 s
~Tan| = (7e+—7fx 7] sec[ = (7e+—71‘x |"Tan[ = (7e+—7fx
2 2 2 2 2 2
1 3 1 7T 2 1
[3Appe11F1[—, -n, 1+m+n, —, Tan| = (7e+—71‘x | -Tan|[ = [7e+—7fx
2 2 2 2 2

3
2 (nAppellFl[—, 1-n,1+m+n,
2

'] +

2
1 7T

—Tan[—(—e+——fx (
2 2

3 5
1+m+n) AppellFl[ =, -n, 2+m+n, —
2

)

N R
\
™
+
\
|
_h
X

2
—Tan{1 (—e+£—fx)]2] +(2+m+n) AppellFl[z, -n, 3+m+n, 5, Tan|
2 2

)

2 3 5
171+ 2+m+n)AppellF1[£, -n, 3+m+n, 5’ Tan|

)
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Tan[1 (—e+z—fx)]2, —Tan[1
2 2
1

N (—e+§—1‘:x)]2]] Tan[l (—e+£—fx]]2) +

2 2
7T 2 1 3 5
((A—B)Sec{ (—e+——fx)} (——nAppellFl{—,1—n,1+m+n, =,
2 2 3 2 2
1 7T 1 7T 2
Tan{—(—e+——fx)] , -Tan[ = (—e+——fx)} ]
2 2 2 2
Sec[l{feJrf—fx)] Tan[l(7e+—f-Fx }71(1+m+n)
2 2 2 3
5 1 7T 2
AppellFl[—, -n,2+m+n, —, Tan[— (—e+——-Fx ] R
2 2 2
1 T 2 1 Tt 2 1
~Tan| = (—e+——fx "] sec| = [—e+——fx |"Tan[ = (—e+——Fx ] ]/
2 2 2 2 2
1 3 1 7T 1 2
(BAppellFl[—, -n, 1+m+n, =, Tan| = (—e+——-Fx | -Tan| = [—e+——fx "] -
2 2 2 2 2 2

3 5
2 (nAppellFl[—, 1-n,1+m+n, —
2

2 2
1 7T 2 3 5
—Tan[—(—e+——1‘:x)] |+ (1+m+n) AppellF1][ =, -n, 2+m+n, =,
2 2 2 2
Tan[1 [—e+z—fx)]2, —Tan[1 (—e+z—1:x ]Z]JTan[1 (—e+£—fx ]2) +
2 2 2 2 2 2
5 1 7T 2
(ZB(—anppellFl[f, 1-n,2+m+n, —, Tan[ [—e+f—fx } R
2 2 2
—Tan[1 [—e+f—fx)} }Sec[1 [—e+z—fx ]zTan[l (—e+f—-Fx }—f
2 2 2 2 2 2 3
1 T 2
(2+m+n>Appe11F1[f,—n,3+m+n, ,Tan[ = [-e+ —-fx|]|,
2 2
—Tan[1 (—e+£—fx }Z}Sec[1 [—e+£—fx ]ZTan[l (—e+——Fx ] ]/
2 2 2 2 2
1 3 1 7T 2 1 2
(BAppellFl[—, -n, 2+m+n, —, Tan| = (—e+——fx |5 -Tan| = [—e+——fx "] -
2 2 2 2 2 2
5 1 2
2 (nAppellFl[—, 1-n,2+m+n, =, Tan| = [—e+——fx 1%
2 2 2
1 2 3
~Tan| = (—e+——fx |7} + (2+m+n) AppellF1[ =, -n, 3+m+n, =,
2 2 2 2
Tan[1 [—e+f—fx)] s —Tan[l( e+£—1:xJ]2]JTan[1 (—e+£—fx]]2) -
2 2 2 2
1 3 1 7T 2
((A—B) AppellF1l[ =, -n, 1+m+n, —, Tan| = (—e+f—fx 1%
2 2 2 2
1 7T 2 1 7T 2
—Tan[f(—e+f—-Fx ] ]Sec[f(—eJrf—-Fx }
2 2 2 2

3
[—2 (nAppellFl[f, 1-n,1+m+n,
2

1 T
—Tan[f (—e+f—fx
2 2

5 1 T
2+m+n, —, Tan|[ = (—e+——fx
2 2
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1 7T 7T 1 3
Sec[—[—e+——fx) (—e+——-Fx)}+3(——nAppellF1[—,
2 2 2 3 2
VS 2
-e+—-fx
+2 )} }

T 2 1
1-n,1+m+n, (—e+——-FxJ],—Tan[—

2 2

=

Sec[%(—e+§ ]2 [i[ -Fx) = (1+m+n) AppellF1|
1]

1 T
-2Tan|[~ ( e+ —-fx

w

3 5 1
—, -nN, 2+m+n, —, Tan[f e+f—-Fx -e+ —-fx

2 2 2
| Tan|

3 5
(n (—— (1+m+n>AppellF1[;, 1-n,2+m+n,
5

1
]2, —Tan[g

1 Tt
Sec|— (—e+——fx
2 2

1 7T
—( e+——fx)
2 2

]
7
2 2
JT
-fx —
2

|
_|
Q
=}
N |
—_—
|
f'D
N|>1

}2} Sec[% [—e+

| =

]+i (1-n) AppellFl{E, 2-n,1+m+n, Z, Tan|

5 2 2 2

}2} Sec[l (—e+szx
2 2

}2

2 1 7T
] , —Tan[; (—e+g—fx

+(1+msn) [—inAppellFl[E, 1-n,
5 2
2
]']
] == (2+m+n) AppellF1|

}2, —Tan[i [—e+§—fx)]2}

2 VS
| -Tan|[ = (7e+;7fx

7T 1 7T
Sec[7(7e+f—fx} Tan —(7e+—7fx] ])]/
2 2 2
1 3 1 7T 2
3AppellF1[f, -n,1+m+n, —, Tan[f (—e+f—-Fx } B
2 2 2 2
1 7T 2 3
—Tan[f(—eJrf—-Fx ] ]—Z(nAppellFl[f,l—n,1+m+n,
2 2 2

5 1 7T 1 7T 2
f,Tan[f(—eJrf—-Fx],—Tan[f —e+f—1‘x} ]+
2 2 2 2 2
(1+m+n) AppellFl[i,—n 2+m+n, E, Tan[1 e+ L fx ]2,
2 2 2 2

1 7T 2 1 T 2\?
~Tan|— (—e+——fx ] })Tan[— (—e+——-Fx ] ] -
2 2 2 2
1 3 1 7T 2 1 2
(ZBAppellFl[f, -n, 2+m+n, —, Tan[f (—e+f—-Fx ] , —Tan{f (—e+f—1cx } }
2 2 2 2 2
3 5 1 7T 2
[—2 nAppellFl[ =, 1-n, 2+m+n, —, Tan| (—e+fffx 1%
2 2 2 2
1 7T 2 3
~Tan| = [-e+ —-fx|]|"] + (2+m+n) AppellF1| =, -n,
2 2 2
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1 7T 7T 1 3
Sec[—[—e+——fx) (—e+——-Fx)}+3(——nAppe11F1{—,
2 2 2 3 2
VS 2
-e+—-fx
+2 )} }

T 2 1
1-n,2+m+n, (—e+——fx)],—Tan[—

2

1 7T 1
Sec[f(—e+f [*[ -Fx) = (2+m+n) AppellF1|
2 2 2

]

1 T
-2Tan|[~ ( e+ —-fx

1

3 5
—, -n, 3+m+n, —, Tan[ e+f—-Fx -e+ —-fx

2 2 2
| Tan|

3 5
(n (—— (2+m+n>AppellF1[;, 1-n,3+m+n,
5

1
]2, —Tan[g

1 Tt
Sec|— (—e+——fx
2 2

1 7T
—[ e+——fx)
2 2

-fx

]
7
2 2
z
2

|
_|
Q
=}
N |
—_—
|
fD
N|>1

}2} Sec[% [—e+

]+i (1-n) AppellFl[E, 2-n,2+m+n, Z, Tan[l
5 2 2 2

}2] Sec[% (—e+z7fx

2 1 7T
] , —Tan[f (—e+f—~Fx
2 2

2

}2

+(2+m+n) [—EnAppellFl[E, 1-n,
5 2

I’

2 S
| -Tan|[ = (7e+;7fx

1 Tt 2 1 3
Sec|— [—e+——fx |"Tan[ = (—e+——fx ] == (3+m+n) AppellF1|
2 2 2 5
2 _n, 4+ms+n, - Tan{1 (—e+ﬁ—fx ]2, —Tan[1 [—e+£—fx)]2}
2 2 2 2
[

1 3 1 7T 2
3AppellFl][~, -n, 2+m+n, —, Tan[~ (7e+77-Fx 1%
2 2 2 2
1 7T 2 3
—Tan[f(—eJrf—-Fx ] ]—Z(nAppellFl[f,l—n,2+m+n,
2 2 2
5 1 s 2 1 7T 2
2, Tan[f(—eJrf—-Fx |5 -Tan|[= [-e+ = -fx||"] +
2 2 2 2 2
3 5 1 2
(2+m+n) AppellF1[ =, -n, 3+m+n, —, Tan|~ |-e+ —-fx|]|’,
2 2 2 2

—Tan[

N |

(7e+§—fx)}2}) Tan[% (—e+§—fx

Problem 13: Unable to integrate problem.

J(dsin[ewa])” (a-asinfe+fx]) (a+aSin[e+fx])"dx

Optimal (type 6, 114 leaves, 4 steps):
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1
(AppellF1[1+n, -=, —-m, 2+n, Sinfe+fx], -Sin[e+fx]] Sec[e + fx] (dSin[ewa])l*”

2

N |

(1+Sin[e+fx])§’m (a-asinfe+fx]) (a+aSin[e+fx})’“]/ (df (1+n)v/1-Sin[e+fx] )

Result (type 8, 36 leaves):

J(dsin[eﬂcx])” (a-asinfe+fx]) (a+asSinfe+fx])"dx

Problem 14: Result more than twice size of optimal antiderivative.

JSin[c+dx}" (a+asinfc+dx]) " (-1-n- (-2-n) Sin[c+dx]) dx

Optimal (type 3, 37 leaves, 1step):
Cos[c+dx] Sin[c+dx]¥" (a+aSin[c+dx]) "

) d

Result (type 3, 107 leaves):

—iznsin[i(cmx)] Cos[%(c+dx”+sin[§<c+dx)]
Cos[i(c+dx)] (—Sin[i<c+dx)]+sin[3(c+dx)} ]n

(1+Cos[c+dx] -Sin[c+dx]) (a (1+Sin[c+dx])) "

Problem 21: Result more than twice size of optimal antiderivative.

(a+asinfe+fx]) (A+BSin[e+fx])
J dx

c-cSin[e+fXx]

Optimal (type 3, 56 leaves, 4 steps):
a(A+2B)x aBCos[e+fx] 2a (A+B)Cos[e+fx]
- + +
C cf f(c-csinfe+fx])

Result (type 3, 125leaves):

B Cos[e] Cos[f x] B BSin[e] Sin[f x]
f f

a —(A+ZB)X+

+

4 (A+B) Sin[%}

f (Cos[f] —Sin[f]) (Cos[% (e+Fx)] —Sin[% (e+-Fx)])

/|

(1+sinfe+fx])

]

Cos[% (e+fx)] +Sin[§ (e+fx)]
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Problem 22: Result more than twice size of optimal antiderivative.

J(a+asin[e+fx]) (A+BSin[e+fx]) ;
X
(c-csinfe+fx])?

Optimal (type 3, 72leaves, 4 steps):
aBx a (A+7B) Cos[e+fXx] 2a (A+B) Cos[e+fx]
+

c? 3c2-F(1—Sin[e+fx]) 3-F(c7cSin[e+fx})2

Result (type 3, 160 leaves):
3fx

f x f x 3fx
—([a (—9B-FxCos[f} -6 (A+3B) Cos[e+7] +2ACos[e+ | +14BCos[e+
2

]+

3fx . fx . fx . 3fx
3BfxCos[2e+ | +24Bsin[—] +9BfxSin[e+ —] +3BfxSin|e+ 5 ] /
2 2 2
(GCZ‘F(COS[S}Sin[S]) Cos[l(e+fx)}fsin[l<e+fx)] 3)]
2 2 2 2

Problem 32: Result more than twice size of optimal antiderivative.

(a+aSin[e+-Fx])2 (A+BSin[e+fx])
J dx

(c—cSin[e+1Cx}>2

Optimal (type 3, 109 leaves, 5 steps):
a? (A+4B)x a*> (A+4B)Cos[e+fx] a?2 (A+B)c?’Cos[e+fx]> 2a2 (A+4B)Cos[e+fx]3
_ + _

c? cf 3-F(c—cSin[e+Fx])4 3-F(c—cSin[e+Fx])2

Result (type 3, 238 leaves):
1

3f (Cos[% (e+Fx)] +Sin[§ (e+fx)})4 (c-csinfe+fx])?

a2

Cos[% (e+fx)] —Sin[% (e+fx)]

[4 (A +B) (Cos[% (e+fx)] —Sin[% (e+fx)]]|+

3

3(A+4B) (e+fXx) Cos[1 (e+fx)] —Sin[l (e+fx)]

2 2
3
3BCos[e+fx] Cos[l(e+fx)}fsin[1(e+1cx)] +8 (A+B) Sin[l(eﬂcx)}f
2 2 2
1 .ol 2 .1 . 2
8 (2A+58) Cos[g<e+fx)]—51n[g(e+~FxH Sln[g(eJrFxH (1+sinfe+fx])

Problem 33: Result more than twice size of optimal antiderivative.

dx

J(a+asin[e+fx])2 (A+BSin[e+fx])
3

(c-csinfe+fx])

Optimal (type 3, 112leaves, 5steps):
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a?Bx a? (A+B) c?2Cos[e+fx]°> 2a’BCos[e+fx]3 2a’BCos[e+ fx]
- + - +

5f (c-cSinfe+fx])® 3f(c-cSinfe+fx])® f (c3-c3sinfe+fx])

c3

Result (type 3, 278 leaves):
1

15 f (Cos[i (e+Fx)] +Sin[i (e+fx)])4 (c-csinfe+fx])?

22 Cos[%(e+fx”—sin[§(e+fx)] [12 (A+B) Cos[%(e+fx”—sin[§(e+fx)] :
4(3A+88) Cos[%<e+fx)]—sin[§(e+fx” o
158 (e + £ x] [cos[ > (e £x)] - sin[ > (e~ Fx)] "2 (AsB) sin[ 2 (e £x)] -
8 (3a+88) [cos| (e« x)] -sin[ (e fx)] 2Sin[;(e+1‘x”+
2 (38+438] [cos[ > (e £x)] -sin[ > e+ Fx)] 4Sin[i(e+fx)] (1+sinfe+fx])?

Problem 34: Result more than twice size of optimal antiderivative.

a+aSin[e+ fx] 2 A+BSin[e +fXx]
J ax

(c-csinfe+fx])*

Optimal (type 3, 75leaves, 3 steps):

a2 (A+B) c?Cos[e+fx]> a?> (A-6B)cCos[e+fx]°
+

7-F(c—cSin[e+-Fx])6 35-F(c—cSin[e+-Fx})5

Result (type 3, 191 leaves):

([az [735 (A+4B) Cos[1 (e+fx)]+7 (2A+13B) Cos|
2

N W

(e+fx)]+35BCos|[ =~ (e+fx)]+

N u

A Cos |

NN

(e+fx)]-6BCos|

NN

(e+fx)]-70ASin]

N |

(e+fx)] +70BSin[%
[

35ASin|[ = (e+fx)] +35BSin[ = (e+fx)] +7ASin|

)

Problem 35: Result more than twice size of optimal antiderivative.

N W
[N

.5
(e+Fx” -7BSin N (e+-Fx)]

|/

N W

Cos[l (e+fx)] —Sin[l (e+fx)]

(140 c*f
2 2

(a+asinfe+fx])? (A+BSin[e+fx])
J dx

(c-csinfe+fx])®

Optimal (type 3, 115leaves, 4 steps):
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a? (A+B) c2Cos[e+fx]® a?(2A-7B)cCos[e+fx]®> a?(2A-7B)Cos[e+fx]®
+ +
9f (c-cSinfe+fx])’ 63f (c-csinfe+fx])°

315f (c-csSinfe+fx])®
Result (type 3, 261 leaves):
1

2520 c° f (Cos[% (e+fx)] +Sin[i (e+fx)])4 (—1+Sin[e+fx])5

a? (Cos[% (e+fx)] —Sin[% (e+fx)]

(1+sinfe+fx])?

(315 (2A+38B) Cos[% (e+fx)]-63(4A+11B) Cos[z (e+fx)] —3158Cos[§ (e+fx)] -

18AC05[Z(e+-FxH+638Cos[Z(e+fx>]+882ASin[£(e+fx”+
2 2 2
63BSin[l(e+FxH+420ASin[i(e+-Fx)]+105BSin[i(e+Fx)]—
2 2 2
] . 15 . 9 )
72A51n[7(e+-Ffo63BSm[£(e+fx>]+2A51n[;(e+fx”—7851n[g(e+fx)]
2

Problem 38: Result more than twice size of optimal antiderivative.
J(a+asin[e+1‘:x])3 (A+BSinfe+fx]) (c—cSin[e+fx])6d1x

Optimal (type 3, 265 leaves, 9 steps):
1 11a® (10A-3B) c®Cos[e+fx]’

—a’ (16A-3B) c®x+

256 560 f
11a® (10A-3B) c®Cos[e+fx] Sin[e+ fx]

+

11a® (10A-3B) c®Cos[e+fx]*Sin[e+fx]
+ +
256 f

384 f
11a® (10A-3B) c®Cos[e+fx]>Sin[e+fx] a*BCos[e+fx]’ (cz—czsin[e+fx}>3
480 f ) 10f :
a®> (10A-3B) Cos[e+fx]7 (c>-c3Sinfe+fx])?
9 f :
11a® (10A-3B) Cos[e+fx]7 (c®-c®Sin[e+fx])
720 f

Result (type 3, 1033 leaves):
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(11 (16A-3B) (e+fx) <a+aSin[e+-Fx})3 (c—cSin[e+-Fx])6)/

1 o1 12 1 o1 6
[256‘F Cos[*(e+fx”—$1n[g(e+fx)] Cos[;(e+fx”+51n[g(e+fx)] ]+
2
( 33A-19B) Cos[e+fx] (a+aSinfe+fx])> (cchin[eJr-Fx])s)/
1 12 1 1 s
128 f [Cos[ = (e+fx)] -Sin[~ (e+fx)] Cos[~ (e+fx)|+Sin[= (e+Fx)] ]+
2 2 2 2

12 1

Cos[~ (e+Fx) | JrSin[1 (e+fx)]

Cos[l(e+fx>}fsin[1(e+1cx)] X X

2 2

3

(e+fx>})12 (Cos[i (e+fx)] +Sin[§ (e+fx)})6) +

3A-B) Cos[5 (e+fx)]| (a+aSin[e+fx])> (c—cSin[e+-Fx])6)/

64 f (Cos[% (e+Fx)] —Sin[%

Cos[% (e+fx)] —Sin[% (e+fx) | B (Cos[1 (e+fx)] +Sin[1 (e+fx”)6) -
9

2 2

( A-3B) Cos[9 (e+fx)] (a+aSin[e+1‘x}>3 (c—cSin[e+-Fx])6>/

Cos[l (e+fx)] —Sin[l (e+fx)]

N 5 . (Cos{l(e+-Fx)]+Sin[l(e+fx”)6J+

2 2

Cos[% (e+fx)] +Sin[§ (e+fx)]

.

N Cos[1 (e+fx)] +Sin[l (e+fx)]

Cos[l(e+-FxH—Sin[l(e+fx)] A A

2 2

32A-51B) (a+aSin[e+fx])’ (c-cSin[e+fx])®Sin[6 (e+fx)])/

Cos[1 (e+fx)] —Sin[1 (e+fx)]

A A . (Cos[l(e+fx)]+sin[l(e+fx”)6J—

2 2

6A-5B) (a+aSinfe+fx])® (c-cSin[e+fx])°®Sin[8 <e+fx)])/

" Cos[1 (e+fx)] +Sin[1 (e+fx)]

Cos[l(em“x)]fsin[l(e+fx)] A A

2 2

" Cos[1 (e+fx)] +Sin[1 (e+fx)]

Cos[l(eJrFx)]fSin[l(e+fx)] A A

2 2
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Problem 46: Result more than twice size of optimal antiderivative.

(a+aSin[e+-Fx])3 (A+BSin[e+fx])
J ( dx

c—cSin[e+1cx}>3

Optimal (type 3, 153 leaves, 6 steps):
a® (A+6B) x a®> (A+6B)Cos[e+fx] a3 (A+B)c>Cos[e+fx]’

— + + —

c? cf 5F(c—cSin[e+fx})6

2a3 (A+6B) cCos[e+fx]°> 2a® (A+6B) c*Cos[e+fx]3

+

15f (c-csSinfe+fx])* 3f (c3-csinfe+fx])?

Result (type 3, 316leaves):
1

15 f (Cos[% (e+Fx)] +Sin[i (e+1:x)])6 (c-csinfe+fx])?

a® | Cos| Cos|

N |

(e+fx)} —Sin[% (e+-Fx)]

N |

[24 (A+B)

(e+fx)} —Sin[% (e+-Fx)] -

4 (11A+21B) (Cos[ (e+fx)]-sin]

(e+fx”)3—

Cos[% (e+Fx)] —Sin[% (e+-Fx)]

1 1

2 2

5
.

15 (A+6B) (e+fx)

5
15BCos[e + f X] (Cos[l (e+fx)] —Sin[l (e+fx”) +48 (A +B) Sin[l (e+fx)]-
2 2 2

2

8 (11A+218B) (Cos[ (e+fx)]-sin[= (e+fx)]| Sin[= (e+Ffx)] +

4
Sin[

N R NP
N RN R
N RN R

4 (23A+93B) (Cos[ (e+fx)]-sin[= (e+fx)] (e+fx)] (1+Sin[e+fx])3

Problem 47: Result more than twice size of optimal antiderivative.

a+aSin[e+fx] 3 A +BSin[e +fXx]
J ax

(c-csinfe+fx])*

Optimal (type 3, 151 leaves, 6 steps):

a®Bx a®> (A+B) c3Cos[e+fx]’ 2a*BcCos[e+fx]°
+

+
4

C 7-F<c—cSin[e+fx})7 75F(c—cSin[e+-Fx]>5

2a*>Bc?Cos[e+fx]3 2a3BCos[e+fx]

3f <C27C25in[e+fx])3 f(c*-c*sinfe+fx])

Result (type 3, 356 leaves):
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1

105f (Cos|= (e+fx) | +Sin| = (e+fx c-cSin[e+ fXx]
[cos[3 (e fx)] wsin[ (erfx)])" )*

a’ Cos[% (e+fx) ] —Sin[% (e+fx)]

[120 (A +B) (Cos[% (e+fx)] —Sin[% (e+fx)]| -

3
+

12 (15A+29 B)

Cos[% (e+fx)] —Sin[1 (e+fx)]

2 (45A+199B) Cos[i(e+fx)}—$in[§(e+¥x)] .
105B (e + f x| (Cos[i(eJr'Fx)]—Sin[% (e+fx)] " 240 (A+B) Sin[%(ewl:x)]—
24 (15A+29B) Cos[i(e+-FxH—Sin[%(e+-Fx)] ZSin[i(e+-Fx)]+

1 4 1

Cos[ =~ (e+fx) | —Sin[1 (e+fx)]

4 (45A+199 B)
2 2

Sin[; (e+fx)] -

6
Sin[1 (e+fx)]| (1+sinfe+fx])?

Cos[l(e+fx”—sin[1(e+fx)] A

2 (15A+337 B)
2 2

Problem 48: Result more than twice size of optimal antiderivative.

J(a+asin[e+fx]>3(A+BSin[e+fx]) 4
X
(c-csinfe+fx])®
Optimal (type 3, 77 leaves, 3 steps):
a3 (A+B) 3Cos[e+fx]7 a® (A-8B)c?Cosle+fx]’
+

9-F(c—cSin[e+-Fx})8 63-F(c—cSin[e+-Fx])7

Result (type 3, 283 leaves):
1

504 * f (Cos[2 (e+fx)] +sin[L (e+fx)]|° (~1+sinfe+Fx])°

a’ (Cos[1 (e+fx)] —S.in[1 (e+fx)]| (1+Sinfe+Fx])?
2 2
(315 (A-B) Cos[1 (e+fx)]-189 (A-B) cOs[E (e+fx)] —63AC05[5 (e+fx)]+
2 2 2
5 7 7 1
63BC05[5 (e+-FxH +9AC05[£ (e+-Fx)] —9BC05[£ <e+-Fx)] +189A51n[£ <e+-Fx)] +693
3

BSin[1 (e+fx)] +105ASin[ = (e+fx) | +4z<:3lasin[E (e+fx)] —27ASin[5 (e+fx)] -
2 2 2 2

ZZSBSin[z (e+fx)] —GBBSin[g (e+fx)] —ASin[g (e+fx)] +SBSin[§ (e+fx)]
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Problem 49: Result more than twice size of optimal antiderivative.

(a+aSin[e+-Fx])3 (A+BSin[e+fx])
J ( dx

c-cSinfe+fx])®

Optimal (type 3, 118leaves, 4 steps):
a3 (A+B) 3Cos[e+fx]7 a®(2A-9B)c’Cos[e+fx]’ a*®(2A-9B) cCos[e+fx]’
+

+

11-F(c—c$in[e+1:x})9 99-F(c:—cSin[e+1cx])8 693F(c—c$in[e+-Fx])7

Result (type 3, 313 leaves):
1

11088 ct f (Cos[i <e+-Fx)] +Sin[§ (e+fx>])6 (71+Sin[e+1cx])6

a’ Cos[l(e+-FxH—Sin[1(e+Fx)] (1+sinfe+fx])>
2 2
[462 (11A+3B) Cos[l(e+fx”—594<5A+2B) cOs[E(e+fx)}-924ACos[E(e+fx)}-
2 2 2
5 7 7 11
693BC05[; (e+fx }+110ACos[; (e+fx)] +1988Cos[£ (e+Fx)] —ZACOS[? (e+fx)]+
11 1 1
9BCos[—(e+fx)]+4158ASin[;(e+fx)}+5544BSin[£(e+fx)]+
2
2310ASin[i<e+fx)]+415SBSin[z(e+fx”—594ASin[E(e+1°x”—
2 2 2

217SBSin[E (e+fx)] —693BSin[Z <e+fx)] —22ASin[2 (e+1°x)] +9QBSin[g (e+fx)}
2 2 2 2

Problem 50: Result more than twice size of optimal antiderivative.

(a+aSin[e+-Fx])3 (A+BSin[e+fx])
J dx

(c-csinfe+fx])’

Optimal (type 3, 156 leaves, 5 steps):
a®> (A+B) c3Cos[e+fx]7 a’(3A-10B) c?Cos[e+fx]’

+

13-F(c—cSin[e+Fx})19 143F(c—cSin[e+-Fx])9
2a® (3A-10B) cCos[e+fx]’ 2a®(3A-10B) Cos[e+fx]’

+

1287-F(c—cSin[e+-Fx])8 9009-F(c—cSin[e+-Fx])7

Result (type 3, 352 leaves):
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1

144144 (Cos[% (e+Fx)] +Sin[§ <e+fx)])6 (c-csinfe+fx])’

Cos[1 (e+fx)] 7Sin[l (e+fx)]

(a+asinfe+fx])>
2 2

[54@54ACos[1 (e+fx)] +3003@BC05[l (e+fx)] —30888AC05[§ (e+fx)] -
2 2 2

23166BCos[i (e+fx)] 79009ACOS[E (e+fx)] —120128Cos[5 (e+fx)]+
2 2 2

858ACos[Z (e+fx” +31468Cos[Z <e+fx)] —39ACos{E (e+fx)] +
2 2 2

130!3Cos[E (e+fx)]+48906ASin[ = (e+fx)|+47190BSin|— (e+fx)] +
2

— N R

N
N W
N [UN R

27027 ASin| = (e+fx)] +36036BSin[ = (e+fx)| -6864ASin| = (e+fx)] -

uNn W

19162BSin[ = (e+fx)| - 6606 BSin|[ — (e+fx)| - 234ASin|
2 2

N O

(e+fx” +

7SGBSin[2 (e+fx” +3ASin[13 (e+fx)] —1GBSin[E
2

A N (e+fx)]

Problem 55: Result more than twice size of optimal antiderivative.

(A+BSin[e+fx]) (c-cSin[e+fx])
J dx

a+aSinfe+ fXx]

Optimal (type 3, 57 leaves, 4 steps):
(A—ZB> CX BcCos[e+fx] 2 (A-B)cCosfe+fx]

a af f(a+asinfe+fx])

Result (type 3, 127 leaves):

(a-28) x s oC0slEl Cos[fx] BSin[e] Sin[fx]
f f

4 (A-B) sin[*X]

f (Cos[f] +Sin[§]) (Cos[% (e+fx)] +Sin[% (e+fx)])
/ |

Problem 63: Result more than twice size of optimal antiderivative.

Cos{l (e+fx)] —Sin[l (e+fx)]

(c-csinfe+fx])
2 2

(A+BsSin[e+fx]) (c—cSin[e+1‘:x])2
J dx

(a+aSin[e+-Fx]>2

Optimal (type 3, 108 leaves, 5steps):
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(A-4B) c>x (A-4B) c?Cos[e+fx] a? (A-B)c?Cos[e+fx]> 2 (A-4B) c®Cos[e+fx]3

+ - +

a? a’f 3f (a+asSinfe+fx])* 3f (a+aSinfe+fx])?

Result (type 3, 234 leaves):
1

3a2f (cOs[i (e+fx)] 7Sin[§ <e+fx)])4 (1+sinfe+fx])?

(Cos[% (e+fx)] +Sin[§ (e+fx>])
Cos[% (e+fx)] +Sin[§ (e+fx)]

1
[8 (A-B) Sin|[ = (e+fx)] -4 (A-B)
2

8 (2A-5B) Sin[% (e+fx)] (COS[% (e+fx)] +Sin[§ (e+fx)] "

3

3 (A-4B) (e+fx)

Cos[% (e+fx)] +Sin[% (e+fx)]

Cos[% (e+fx)] +Sin[% (e+fx)]

3BCos[e+fx]

3
] (c—cSin[e+1:x1)2

Problem 64: Result more than twice size of optimal antiderivative.

(A+BSin[e+fx]) (c-cSin[e+fx])
j dx

(a+aSin[e+-Fx])2

Optimal (type 3, 72leaves, 4 steps):
Bcx (A-7B) cCos[e+fX] 2 (A-B) cCos[e+fXx]

— + —

a? 3a2f (1+Sin[e+fx]) 3-F(a+aSin[e+Fx])2

Result (type 3, 156 leaves):

f x f x 3fx 3fx
[c (—QBFXCOS[—}—6(A—3B)Cos[e+7]+2ACos[e+ A | -14BCos[e+ X |+
2

3fx
]

3fx
3BfxCos|2e+
2

f x f x

| +24BSin[—] -9BfxSin[e+ —] -3BfxSin[e+
2 2

3]

Problem 67: Result more than twice size of optimal antiderivative.

/

(6a2F(Cos[e}+Sin[z]J (e+fx) |

5 Cos[%(e+-FxH+Sin[

N |

J A+BSin[e+ fX] dx
(a+asin[e+fx])? (c-cSin[e+fx])’
Optimal (type 3, 93 leaves, 4 steps):
(A+B) Sec[e+fx]3 (4A-B) Tan[e+fx] (4A-B) Tan[e+fx]3

+ +
5a2f (c*-cSinfe+fx]) 5a2c3f 15a2c3 f

Result (type 3, 237 leaves):
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1

960 a2 c3 f (—1+Sin[e+-Fx])3 (1+Sin[e+-Fx])2

Cos[1 (e+fx)] —Sin[1 (e+fx)]
2 2
(-240B+54 (A+B) Cos[e+fx]-32(4A-B) Cos[2 (e+fx)]|+18ACos[3 (e+fx)]|+
18BCos|3 (e+fx)| -64ACos[4 (e+fx)]| +16BCos|[4 (e+Ffx)]| -
384ASin[e+fx] +96BSin[e+fx] -18ASin|2 (e+fx)| -18BSin[2 (e+fx) ] -
128ASin[3 (e+fx) | +32BSin|3 (e+fx)]| -9ASin[4 (e+fx)|-9BSin[4 (e+fx)])

(Cos[i (e+fx)] +Sin[§ (e+fx)]

Problem 68: Result more than twice size of optimal antiderivative.

J A+BSin[e + fXx] q
X

(a+aSin[e+-Fx])2 (c—cSin[e+-Fx])4

Optimal (type 3, 135leaves, 5steps):
(A+B) Sec[e+fx]3 (5A-2B) sec[e+fx]?
+

+

7a2f (c2-c?sinfe+fx])? 35a*f (c*-c*Sinfe+fx])
4 (5A-2B) Tan[e+fx] 4 (5A-2B)Tan[e+fx]?

+

35a2c*f 105 a2 c* f

Result (type 3, 285Ileaves):
1

13440 a2 c*f (-1+Sin[e+fx])* (1+Sin[e+fx])?

Cos[% (e+fx)] —Sin[% (e+fx)] Cos[% (e+fx)] +Sin[§ (e+fx)]

(-2688B+42 (25A+4B) Cos[e+fx]-512 (5A-2B) Cos[2 (e+fx)]|+225ACos[3 (e+fx) ]+
36BCos|3 (e+fx)|-1280ACos[4 (e+fx)|+512BCos|4 (e+fXx)]| -
75ACos[5 (e+fx)| -12BCos|[5 (e+fx)] -4480ASin[e+fx] +1792BSin[e+fx] -
600 ASin[2 (e+fx)| -96BSin[2 (e+fx)]| -960ASin|3 (e+fx)| +384BSin[3 (e+fx)] -
300 ASin[4 (e+fx)| -48BSin|4 (e+fx)| +320ASin[5 (e+fx)]|-128BSin[5 (e+fx)])

Problem 72: Result more than twice size of optimal antiderivative.

(A+BSin[e+fx]) (c—cSin[e+-Fx])3
J ( dx

a+aSinfe+fx])>

Optimal (type 3, 153 leaves, 6 steps):
(A-6B) c*x (A-6B)c3Cos[e+fx] a®> (A-B)c3Cos[e+Ffx]’

- - +

a’ a’f 5f (a+aSinfe+fx])°

2a(A-6B) c®Cos[e+fx]°> 2a% (A-6B) c*Cos[e+fx]3

15f (a+asinfe+fx])* 3f (a*+a’Sinfe+fx])?

Result (type 3, 308 leaves):
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1

15a3f (Cos[% (e+Fx)] —Sin[% (e+fx)”6 (1+sinfe+fx])?

Cos[% (e+fx)] +Sin[§ (e+fx)]

Cos|

1
{48 (A-B) Sin[; (e+fx)]-24(A-B)

(e+fx) ] +sin|

N |

(e+‘FXH

N |

8 (11A-218B) Sin[% (e+fx)] (Cos[% (e+fx)] +Sin[§ (e+fx”)2+

+

4 (11A-218) (Cos[ (e+fx)]+Sin[§(e+fXH 3

1
2

1 4
4 (23A-93B) Sin[ = (e+fx) |

A Cos[l(e+fx)]+Sin[l(e+fx”

2 2
Cos[l (e+fx)] +sin]
2

5
+

15 (A-6B) (e+-Fx)

(e+-Fx)]

N |

15B Cos[e + f X] (Cos[

N |

(e+fx)] +Sin[§ (e+fx>})5) (c-cSinfe+fx])?

Problem 73: Result more than twice size of optimal antiderivative.

J(A+Bsin[e+fx}) (c—cSin[le-l:x])2

dx
(a+asinfe+fx])>

Optimal (type 3, 110leaves, 5steps):
Bc?x a? (A-B) c®Cosf[e+fx]> 2Bc?Cosfe+fx]3 2Bc?Cos[e +fx]

3 5'F<a+aSin[e+-Fx}>5 3-F(a+aSin[e+-Fx})3 f (a®+a’sSinfe+fx])

a

Result (type 3, 272leaves):

1
15a3 f (Cos[i (e+Fx)] 7Sin[§ (e+1‘x)”4 (1+sinfe+fx])?
(Cos[% (e+fx)] +Sin[§ (e+fx)]
[24 (A-B) Sin[i (e+fx)]-12 (A-B) Cos[% (e+fx)] +Sin[§ (e+fx)]]-

8 (3A-8B) Sin[% (e+fx)] (COS[% (e+fx)] +Sin[§ (e+fx)] "

3
+

4 (3A-8B) |Cos[— (e+fx) | +Sin[E (e+fx)]

2

N R

4
+

2 (3A-43B) Sin[~ (e+fx)] cOs[1 (e+fx)]+sin]

5 (e+fx)]

N |

N |

15B (e+Fx) Cos[

(e+Fx” +Sin|

1
N <e+-Fx)]

5
] (c—cSin[e+-Fx]>2

N |
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Problem 76: Result more than twice size of optimal antiderivative.

J A+BSin[e + fXx] dx
(a+asinfe+fx])? (c-cSinfe+fx])?
Optimal (type 3, 90 leaves, 4 steps):
(A-B) Sec[e+fx]3 (AA+B) Tan[e+fx] (4A+B) Tan[e+fx]?3

- + +
5c2f (a®+a’Sinfe+fx]) 5a3c2f 15a3c2f

Result (type 3, 237 leaves):
1

960a*c2f (-1+Sinfe+fx])? (1+Sinfe+fx])>
Cos[l (e+1°x)] —Sin[1 (e+fx>]) (Cos[l <E+.FX)] +Sin[£ (e+fx”
2 2 2 >

(246B+54 (A-B) Cos[e+fx]-32 (4A+B) Cos[2 (e+fx)]| +18ACos[3 (e+Ffx)] -
18BCos|3 (e+fx)| -64ACos[4 (e+fx)]|-16BCos|[4 (e+fx) ]|+
384ASin[e+fx] +96BSin[e+fx] +18ASin[2 (e+fx)| -18BSin[2 (e+fx) ] +
128ASin[3 (e+fx)| +32BSin[3 (e+fx)]| +9ASin[4 (e+fx) | -9BSin[4 (e+Fx)])

Problem 78: Result more than twice size of optimal antiderivative.

A+BSin[e + fXx]
J dx
(a+asSinfe+fx])? (c-cSinfe+fx])*

Optimal (type 3, 121 leaves, 4 steps):

(A+B) Sec[e+fx]° (6 A-B) Tan[e + f x]
7a31c(c4—c“sin[e+-Fx])+ 7adctf :
2 (6A-B) Tan[e+fx]®> (6A-B) Tan[e+fx]>
21a3c* f : 35a3c*f

Result (type 3, 325leaves):
1

53760a c*f (-1+Sin[e+fx])* (1+Sin[e+fx])>

Cos[% (e+fx)] —Sin[% (e+fx)]

Cos[% (e+fx)] +Sin[§ (e+fx)]

(-8960 B + 1500 (A+B) Cos[e+fx] -648 (6A-B) Cos[2 (e+fx)]|+750ACos[3 (e+fx)]|+
750BCos |3 (e+fx) ] -3072ACos[4 (e+fx)|+512BCos[4 (e+fx)]+156ACos|[5 (e+fx)]+
158B Cos |5 (e+fx)| -768ACos[6 (e+fx)| +128BCos[6 (e+fx)]|-15360ASin[e+fx] +
2560 B Sinfe+fx] -375ASin[2 (e+fx)| -375BSin[2 (e+fx)] -7680ASin[3 (e+fx)]| +
1280BSin |3 (e+fx) | -300ASin[4 (e+fx)] -360BSin[4 (e+fx)]| -

1536 ASin|[5 (e+fx) | +256BSin[5 (e+fx)] -75ASin[6 (e+fx) | -75BSin[6 (e+fx)])
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Problem 79: Result more than twice size of optimal antiderivative.

J A+BSin[e + fXx] dx
(a+asinfe+fx])’ (c-cSin[e+fx])°
Optimal (type 3, 162 leaves, 5steps):
(A+B) Sec[e+fx]° (7A-2B) sec[e+fx]®
+

+

9a’c3f (c-csinfe+fx])? 63a°f (c®-c®Sinfe+fx])
2 (7A-2B) Tan[e+fx] 4 (7A-2B)Tan[e+fx]®> 2(7A-2B) Tan[e+fx]>
+ +

21a3c® f 63a3cf 105a3c>f

Result (type 3, 373 leaves):
1

1290240a° c®f (-1+Sin[e+fx])® (1+Sin[e+fx])>
Cos[% (e+fx)] 7Sin[§ (e+fx)]) (Cos[i (e+fx)] +Sin[§ (e+Fx)]
(-184320B+1125 (49A+13B) Cos[e+fx] - 20480 (7A-2B) Cos[2 (e+Fx) | +
23275ACos[3 (e+fx)| +6175BCos[3 (e+fx)] -114688ACos[4 (e+fx)]| +
32768BCos[4 (e+fx) ]| +1225ACos[5 (e+fx)] +325BCos |5 (e+fx)] -
28672ACos[6 (e+fx)| +8192BCos |6 (e+fx)]-1225ACos|7 (e+fx)| -
325BCos[7 (e+fx)| -322560ASin[e+fx] +92160BSin[e+fx] -
24500ASin[2 (e+fx)| -6500BSin[2 (e+fx)] -136192ASin[3 (e+fx)]| +
38912BSin[3 (e+fx)| -19600ASin[4 (e+fx) | -5200BSin[4 (e+fx)] -
7168 ASin|5 (e+fx) | + 2048 BSin[5 (e+fx) | -4908ASin[6 (e +fx)] -
1300BSin[6 (e+fx)| +7168ASin[7 (e+fx)| - 2048BSin[7 (e+fx)|)

Problem 85: Result unnecessarily involves imaginary or complex numbers.

(a+asin[e+fx]) (A+BSin[e+fx])
J dx

vc-cSinfe + fx]
Optimal (type 3, 122leaves, 5steps):

2+/2 a (A+B) ArcTanh]| ¢ Cos[e+fx]
/2 \/c-cSinfe+fx]
Ve f
2a <3A+SB) Cos[e+fx] 2aBCos[e+fx]c-cSin[e+fx]

+

3f+v/c-cSin[e+fx] 3cf

Result (type 3, 200 leaves):
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F Cos[% (e+fx)] —Sin[% (e+fx)]

3(2A+3B)c -B+c Cos[2(e+fx)]+2(3A+58B)Vc Sin[e+fx] -

2 (_jl\/?\/?+\/—c (1+sinfe+fx]) )

vJc-cSinfe + fx]

6i+2 (A+B) Log|

}J—c(1+sin[e+fx]) /

1 1
N (e+fx)] +Sln[; (e+fx)]

(3\/?16

Cos | Vc-cSinfe + fx]

Problem 86: Result unnecessarily involves imaginary or complex numbers.

(a+asin[e+fx]) (A+BSin[e+fx])
J dx

(c-csinfe+fx])>?

Optimal (type 3, 115leaves, 5steps):

a (A+5B) ArcTanh [ —rcfoslesfxl
V2 +fc-csinfe+fx] a (A+B) Cos[e+fx] 2aBCos[e+fx]
+ +

NPT -F(c—cSin[e+'FX])3/2 cfvc-csin[e+fx]

Result (type 3, 218leaves):

a(-1+sinfe+fx]) (1+Sin[e+fx])

2

_j\/?\/?+\/_c (1+Sin[e+fX]) )

iv2 (A+58B) Log| y e
c-Cc>lnje+TX

| secle+fx]

Cos|

\/—c (1+sinfe+fx]) - [2\/?

/

(e+-Fx)]

N |

1
(e+Fx” +Sln[£ <e+-Fx)]

Cos[1 (e+fx)] —Sin[l (e+fx)]

(A+3B-2BSin[e+fx])
2 2

W/

2
vc-cSinfe + fx]

(2c3/2f Cos[~ (e+fx)| +Sin|

N |
N |
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Problem 87: Result unnecessarily involves imaginary or complex numbers.

J(a+asin[e+fx]) (A+BSin[e+fx])

dx
(c-csinfe+fx])>?
Optimal (type 3, 126 leaves, 5 steps):
a (A-78) ArcTanh | ——fcCoslesfxl
V2 \[c-csinferfx] a (A+B) Cos[e+fx] a (A+9B) Cos[e+fx]
_ N -
82 52 f 2f (c—cSin[e+1Cx])5/2 8cf (c—cSin[e+1Cx])3/2

Result (type 3, 223 leaves):

a(-1+sinfe+fx]) (1+Sin[e+fx])

2

_j\/?\/?+\/_c (1+Sin[e+-FX]) )

vc-cSinfe + fx]

iv2 (A-78) Log| | secle+fx]

Cos[%(

/

(e+-Fx)]

e+Fx” +Sin[§ <e+-Fx)]

\/fc (1+sinfe+fx]) - [2\/?

Cos[1 (e+fx)] —Sin[l (e+fx)]

(3A-5B+ (A+9B) Sin[e+fx])
2 2

W/

2
veo-cSinfe + fx]

(16 c*/2f |Cos]|

N |

(e+-Fx)] +Sin|

N |

Problem 88: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+asin[e+fx]) (A+BSin[e+fx])
J dx

(c-csinfe+fx])"?

Optimal (type 3, 163 leaves, 6 steps):

a (A-3B) ArcTanh| ¢ Cosie-fx

N2 4/ c-cSin[e+fx] ] a (A+B) Cos[e+fx]
+

322 72 f 3f (c-csSinfe+fx])"?

a (A+13B) Cos[e+fx] a (A-3B) Cos[e+fx]

24cf (c-csinfe+fx])>? 32¢2f (c-cSinfe+fx])??

Result (type 3, 796 leaves):
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2

“ivZ e [ r2c e [“1asine Fx]] |

a||i(A-3B)Cos[e+fx] Log|

]

\/—c (-1+sinfe+fx])

\/—2c—c(—1+Sin[e+Fx1> (-1+sinfe+fx]) (1+Sin[e+fx])/

322 72 f

2 _ s _F 2
cOs[E+B]+Sin[E+B}) \/1(C+c( 1+sinfe+fx]))
2 2 2 2

~2¢? (-1+5i fx])-c?(-1+5i fx])?
J c? (-1+sinfe+ X])zc (-1+Sin[e+fx]) J-c(-1+sinfe+fx])
C

1 [ 2 (asin[£x] +Bsin[X])
(cos[+ ] +sin[+ £])° [3c4f (cos[¢] -sin[¢]] (Cos[2+ *X] -sin[ 2+
ACos[%] +BCos[S] +ASin[ ] +BSin[ ]
3¢t (cos[¢] -sin[2]) [cos[+ £X] _sln[gﬂﬂ)“
-Asin[T¥] -13Bsin[ TX]

"

12¢*f cos[¢] -sin[¢]] (cos[2+ ] -sin[2+ £X])°

~ACos[$]-13BCos[%] -Asin[%] -13BSin[¢]

24 ¢ f (Cos[%] —Sin[g]) (Cos{ fx

2
~ASin[ ] 1 3BSin[fX]

16 ¢4 f (Cos[i] 7Sin[§]) (Cos[

—ACos[f] +3BCOS[§] —ASin[f] +3BSin[§]

32.¢4f (Cos[¢] -sin[¢]) (cos[&+ ] ~sin[ &+ FX])°

(1+sinfe+fx]) vJc-cSinfe + fx]

Problem 89: Result more than twice size of optimal antiderivative.

J(a+asin[e+fx])2 (A+BSin[e+fx]) (c-cSin[e+fx])"*dx

Optimal (type 3, 210leaves, 6 steps):
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256 a> (13A-3B) c®Cos[e+fx]® 64a? (13A-3B) c®Cos[e+fx]®
+

+

15015 f (c-cSinfe+fx])*? 3003 f (c-cSinfe+fx])>?

8a’ (13A-3B) c*Cos[e+fx]° 2a%(13A-3B) c3Cos[e+fx]5+/c-cSin[e+fx]

N _
429 f+/c-cSin[e+ fx] 143 £
)32

2a?Bc?Cos[e+fx]® (c-cSinfe+fx

13 f

Result (type 3, 1355leaves):

[(7A—ZB) cOs[1

(e+fx)] (a+asin[e+fx])? (c-cSin[e+fx] 7/2)/
2

7 1

{81: Cos| Cos[= (e+fx)|+Sin[= (e+fx)]

(e+fx)] —Sin[% (e+fx)]

N |

1

2 2

( (4A+B) Cos[S (e+fx)] (a+asSin[e+fx])? (c-cSin[e+fX] 7/2]
2

Cos[l (e+fx)]+sin]

A (e+fx) |

DR

{3 Cos | e+Fx)]—Sin[l(e+fo)7

2

((ZZA 78) Cos[5 (e+fx)] (a+asinfe+fx])? (c-cSinfe+fx] 7/2)/
2

1 7

{1691c Cos |~ e+fx”—$in{%(e+1:x)]

Cos[z (e+fx) ] +Sln[% (e+fx)]

N

( (A-4B) Cos{7 (e+fx)] (a+asinfe+fx])? (c-cSinfe+fx] 7“)/
2

7

{1121c Cos[i (e+fx) ] —Sin[% (e+fx)]

Cos[% (e+fx) | +Sln[% (e+fx)]

ACos[g (e+fx)] (a+aSin[e+fx])? (cfcsin[emcx])”z]/
2

Cos[l (e+fx)] +Sin[l (e+fx)]

{48 f (Cos{ A A

N |

.1 /
(e+fx)] —Sln[; (e+fo)

((ZA—BB) Cos[E <e+-Fx)] (a+aSin[e+-Fx])2 (c—cSin[e+~Fx])7/2)/
2

’ Cos[l (e+fx) | +Sin[l (e+fx)]

Cos[l(e+-FxH—Sin[l(e+Fx)] A A

[352'F
2 2

BCOS[E (e+fx)] (a+aSin[e+-Fx]>2 (CfCSin[eJr-Fx])Wz)/
2

’ Cos[1 (e+fx)] +Sin[l (e+fx)]

Cos[l(e+-FxH—Sin[l(e+fx)] A A

[416 f
2 2

((7A—ZB) Sin|

N |

(e+fx)] (a+aSin[e+fx}>2 (c—cSin[e+-Fx])7/2]/
7

Cos[% (e+fx)] +Sin[§ (e+fx)]

/

Cos[% (e+fx)] +Sin[§ (e+fx)]

Cos[1 (e+fx)] —Sin[l (e+fx)]

[sf
2 2

((4A+B) (a+asSinfe+fx])? (c-cSinfe+fx])"?sin[~ (e+fx)]

Nl w

[321c (Cos[% (e+Fx)] —Sin[% (e+Fx)] 7
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((22A77B) (a+asinfe+fx])? (cchin[eJrfx})”ZSin[E (e+Fx)]
2

/

Cos[% (e+fx)] +Sin[§ (e+fx)]

/

Cos[% (e+fx)] +Sin[§ (e+fx)]

/

Cos[% (e+fx)] +Sin[§ (e+fx)]

Cos[1 (e+fx)] —Sin[1 (e+fx)] ’

{160 f
2 2

((A74B) (a+asinfe+fx])? (cfcsin[eH:x])”ZSin[Z (e+Fx)]
2

Cos[1 (e+fx)] —Sin[l (e+fx)] ’

{112 f
2 2

( (a+asinfe+fx])? (c-cSinfe+fx])"?sin|

RT)

(e+Fx)]

{4 Cos e+fx)]—Sin[§(e+fX” 7

((ZA 38) <a+a51n[e+fx})2 (c—cSin[e+-Fx])7/2$in[E (e+-FxH)/
2

’ Cos[1 (e+fx)] +Sin[l (e+fx)]

Cos[l(e+fx)]75in[1(e+fx)] A A

[352f
2 2

(B (a+asinfe+fx])? (c—cSin[e+1‘:x])7/ZSin[E (e+fx”)/
2

’ Cos[1 (e+-Fx)] +Sin[l (e+-FxH

Cos[l(e+fx>]—sin[1(e+fx)] 5 A

[416 f
2 2

|

Problem 90: Result more than twice size of optimal antiderivative.

J(a+a$in[e+fx])2 (A+BSin[e+fx]) (C*CSin[e+'Fx}>5/2d1X

Optimal (type 3, 167 leaves, 5steps):
642> (11A-B) c°Cos[e+fx]° 16a? (11A-B) c*Cos[e+fx]>
+

.
3465 f (c - cSin[e+fx])°>? 693 f (c-cSinfe+fx])?

2a? (11A-B) c*Cos[e+fx]> 2a2Bc2Cos[e+fx]5+/c-cSin[e+fx]
99 f+/c-cSin[e+fx] 1f

Result (type 3, 1173 leaves):

((GA—B) Cos|

N | R

(e+fx)] (a+aSin[e+Fx])2 (c—cSin[e+-Fx})5/2)/

i Cos[1 (e+fx)] +Sin[l (e+fx)]

Cos[l(e+fx)}—Sin[l(e+fx)] A A

[Sf
2 2

((4A+B) Cos |

N W

(e+fx)] <a+aSin[e+-Fx})2 (c—cSin[e+-Fx])5/2]/

[241c (Cos[% (e+fx)] —Sin[i (e+Fx)] 5

Cos[% (e+fx)] +Sin[§ (e+fx)]

((8A73B) Cos[5 (e+fx)] (a+asSin[e+fx])? (cchin[emcx])S/z)/
2

i Cos[l (e+fx)] +Sin[1 (e+fx)]

1 .ol
[80-F(Cos[—(e+fx)]—51n[_(e“cXH ) 2

2 2
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((2A+3B) Cos[Z (e+fx)] (a+asSin[e+fx])? (cfcsin[emcx])wz)/
2

i Cos[1 (e+fx)] +Sin[l (e+fx)]

Cos[l(e+fx>]—sin[1(e+fx)] A A

{112 f
2 2

.

((2A—B) Cos |

RRT)

(e+fx)] (a+asinfesfx])? (c—cSin[e+-Fx])5/2]/

[1441c Cos[%(e+fx)]75in[§(e+fx)] i Cos[%(e+fx)]+sin[§(e+fx” 4]
(BCOS[% (e+fx)] (a+asinfe+fx])? (c—cSin[e+Fx])5/2)/
[176F Cos[%(e+fx)]75in[§(e+fx)] i Cos[%(e+fx)]+Sin[§(e+FxH 4]+

1
((GA—B) Sin|~

(e+'FX)] <a+aSin[e+'Fx1>2 (C—CSin[e+'FX])5/2]/
2

i Cos[l (e+fx>] JrSin[1 (e+-Fx)]

2 2
Cos[% (e+Fx)] +Sin[% (e+Fx)]

/

Cos[1 (e+fx)] +Sin[% (e+Fx)]

2
1
2

Cos[1 (e+fx” —Sin[l (e+-Fx)]

[S-F
2 2

.
.
.
.

2 (c—cSin[e+-Fx])5/ZSin[i (e+Fx)]

((4A+B) (a+asinfe+fx])
2

5
[24f

Cos[% (e+fx)] 7Sin[§ (e+Fx)]

((8A—3B) <a+aSin[e+-Fx}>2 (c—cSin[e+-Fx])5/2Sin[

[s
(

( 2A+3B) <a+a51n[e+fx}>2 (c—cSin[e+-Fx])5/ZSin[

N U

(e+fx)]

5

1 1
Cos[= (e+fx)] -sin[= (e+f
os ) e+ x)] 1n[2(e+ XH

NN

(e+fx)]

i (e+fx)]

Cos[% (e+fx)] —Sin[% (e+-Fx)]

Cos[% (e+-Fx)] +Sin|

/

[112 f
(

2A-B) (a+aSin[e+fx])? (c—cSin[e+-Fx])5/ZSin[g (e+Fx)]
2

|

[1441‘: Cos[i(e+fx)]fsin[§(e+fx)] i Cos[%(e+fx)]+sin[§(e+fx” 4]+
, 2 . 5/2 . 111

(B(a+a51n[e+fx}) (c-csinfe+fx]) Sln[2 (e+fx”/

[1761C Cos[i(e+fx)]75in[§(e+fx)] Cos[i(e+fx)]+sin[§(e+fx)} ]

Problem 91: Result more than twice size of optimal antiderivative.

J(a+a$in[e+-Fx])2 (A+BSin[e+fx]) (C—CSin[e+-Fx]>3/2d1X

Optimal (type 3, 120 leaves, 4 steps):
8a? (9A+B) c*Cos[e+fx]® 2a?(9A+B) c3Cos[e+fx]° 2a?Bc2Cos[e+fx]®
N _

315-F(c—cSin[e+Fx])5/2 63-F(c—cSin[e+-Fx])3/2 9f+/c-cSin[e+fx]
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Result (type 3, 955 leaves):

[BACos[1 (e+fx) | (a+aSin[e+-Fx])2 (c—cSin[e+-Fx])3/2]/
2

3
[41‘

Cos[% (e+fx)] 7Sin[§ (e+fx)]

Cos[% (e+fx)]+ Sin[% (e+

(3A+B) Cos[i(eﬂcx)] (a+aSin[e+fx1)2 c-cSinf[e+fx] 3/2]/
2

3

[

12 f | Cos| (e+-Fx)]—Sin[§(e+fx” Cos[ (e+ -Fx)] Sin %( +
(A B) Cos| <e+-Fx)] (a+aSin[e+-Fx])2(c cSin[e + Fx])3/2]/

3

(e+-Fx)] —Sin[% (e+fx”

A [
(e+fx)] (a+asSin[e+fx])? (c-cSin[e+fX] 3/2)
[

Nll—‘\

Cos[1 (e+fx)]+sin

Cos[% e+fx)|- Sln[2 (e+fx)]

2

)
(BCos{%(eﬂcxH (a+asinfe+fx] >2<C cSinfe+ fx])S/ZJ/
)

(e+-Fx)] —Sln[ (e+fx ]

(3ASin[l (e+fx)] (a+asinfe+fx])? (c—cSin[e+fx})3/2J/
2

3 1

Cos[1 (e+fx)]-sin]

5 (e+-Fx)]

2

N R
N}

c—cSin[e+1Cx])3/ZSin[i (e+Fx)]

3A+B) (a+aSin[e+1‘x])2
2

/
12-F(Cos[i(e+-Fx)]Sin[i(e+fx”)3 1

2 2

2

A-B) (a+aSin[e+fx]) (c—cSin[e+-Fx])3/ZSin[ (e+fx)]

5
2
Cos[1

5 (e+-Fx)] +Sin[

2 2

2

2A+B) (a+aSin[e+fx]) (c—cSin[e+-Fx])3/ZSin[ (e+fx)]

NN

Cos 1 (e+fx)] +Sin|
2

/

[

( (a+asinfe+fx])? (c—cSin[e+1Cx])3/ZSin[g (e+Fx)]
2
[

! (e+fx”)3

— Cos
2

|
(
|
(
[zef (cOs[1 (e+fx)] —Sin[l (e+fx”)3
(
|
B
|

N |

Cos[:l (e+ -Fx)] Sin %( +
( +
Cos[i (e+ -Fx)]+Sin[%(e+
Cos[l(e+fx”+sin[—(e+

Cos[1 (e+fx)]+sin[= (e+

(e+-Fx)] +Sin[§ (e+

Fx)]
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Problem 93: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+aSin[e+fx])2 (A+BSin[e+'FX])

vJc-cSinfe + fx]

Optimal (type 3, 161 leaves, 6 steps):

4+/2 a? (A+B) ArcTanh]| ¢ Cos[e+fx]

A2 \/c-cSin[e+fx]
Ve f
2a’Bc%Cos[e+fx]° 2a%? (A+B) cCos[e+fx]® 4a? (A+B)Cos[e+fx]

5f (c-cSinfe+fx])*? 3f(c-cSinfe+fx])>? f/c-cSinfe + fx]

Result (type 3, 175leaves):
—([az Cos[1 (e+fx)] —Sin[1 (e+Fx)]
2 2
Ar‘cTan[(l+£) (-1)**
2 2

(1+sinfe+fx])? ((129+1201) (-1)** (a+B)

]+

4
(76A+79B-3BCos[2 (e+fx)|+2 (5A+11B) Sin[e+fx]))]/

|

Problem 94: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

1+Tan[~ (e+fx)] Cos[~ (e+Fx)|+Sin[~ (e+fx)]

N |
N |

4
Vc-cSinfe + f x]

Cos[% (e+fx)] +Sin[§ (e+fx)]

(151‘

(a+asinfe+fx])* (A+BSin[e+fx])
J dx

(c-csinfe+fx])>?

Optimal (type 3, 176 leaves, 6 steps):
\/2 a2 (3A+7B) ArcTanh c Cos[e+fx]
< ) [ﬁ«/c—csin[e#x]
C3/2 .': -

a2 (A+B) c2Cos[e+fx]5 a®(3A+7B)Cos[e+fx]® a%(3A+7B)Cos[e+fx]
+ +

2f (c-cSinfe+fx])”? 6f (c-csinfe+fx])*? cfv/c-cSinfe+ fx]

Result (type 3, 355leaves):
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1

3f (Cos[% (e+Fx)] +Sin[§ (e+fx)”4 (c-csinfe+fx])3?

2? Cos[%(eJrfx }—Sin[%(eJrfx)] (1+Sine+fx])?
6 a8y [cos [ (e fx)] -stn[ > (e fx]] |« (661 (1) (34-78)
rctan| 2« | (1) [1+Tan[ 2 (e £x)]|] [cos [ (e )] -sin[ (e Fx]] "
3 (2A+78) Cos[%(eJr-FxH (Cos[%(eJr-Fx)]fSin[% (erfx)]| -

2 1
+12 (A+B) Sin[ = (e+fx) | +

BCos[i (e+fx)] Cos[1 (e+fx)] —Sin[l (e+fx)]

2 2 2 2
3(2A+78B) Cos[i(e+-Fx)]—Sin[§(e+~FxH Sin[i(eJrFxHJr
1 o1 2 3
B Cos[;(e+fx>]—51n[;(e+fx)] Sln[;(eJr-Fx)]

Problem 95: Result unnecessarily involves imaginary or complex numbers.

(a+aS.in[e+-Fx])2 (A+BSin[e+fx])
J dx

(c-csinfe+fx])>?

Optimal (type 3, 175leaves, 6 steps):

3a2 (A+9B) ArcTanh | —fcCoslerfx]

A2 4/ c-cSin[e+fx]
+
4+/2 /2 f

a2 (A+B) c2Cos[e+fx]5 a*(A+9B)Cos[e+fx]> 3a2(A+9B)Cos[e+fx]

4-F(c—cSin[e+-Fx})9/2 8-F(c—cSin[e+-Fx})5/2 8c2f+/c-cSin[e+fx]

Result (type 3, 344 leaves):
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1

4f (Cos[% (e+Fx)] +Sin[§ (e+fx)”4 (c-csinfe+fx])®>?

a? Cos[i(e+fx)}—$in[%(e+1:x)] (e+fx)]-sin]

1
2

N |

(4 (A +B) (Cos[

(e+fx”) -

(5A+138) - (3+31) (-1)Y* (A+98)

Cos[% (e+fx)] —Sin[% (e+fx)]

1 1 4
ArcTan [ (f + —
2 2

(e+-Fx)] -

]

SBCos[i (e+fx)] (Cos[% (e+fx)] —Sin[% (e+fx)]

Cos[i (e+fx)]-sin[~ (e+fx)]

1
4

(-1)* (1+Tan[

RN R

IS

+8 (A+B) Sin|[ =~ (e+fx)] -
2

2

2 (5A+13B) Cos| (e+-FxH—Sin[ (e+-Fx)] Sin| (e+-Fx)]—

N |

N |
N |

4

8B [Cos[~ (e+fx)]|-sin] Sin|

N |

(e+fx)] (e+fx)]| (1+Sinfe+fx])?

N |

N =

Problem 96: Result unnecessarily involves imaginary or complex numbers.

a+aSin[e+ fx] 2 A+BSinf[e+fXx]
J dx

(c—cSin[e+-Fx})7/2

Optimal (type 3, 175leaves, 6 steps):

a? (A-11B) ArcTanh | —cCoslexfx]

V2 +JccSin[esfx] a’? (A+B) c?2Cos[e+fx]°>
+ +
16~/2 c7/2 f 6f (c-csSinfe+fx])*?

a? (A-11B) Cos[e+fx]> a? (A-11B) Cos[e + fx]

24f (c-cSinfe+fx])"? 16c?f (c-cSin[e+fx])>?

Result (type 3, 342leaves):
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1

48 f (Cos[% (e+Fx)] +Sin[% (e+fx)])4 (c-csinfe+fx])"?

a2 [cos[ > (e #x]] -sin[ (e £x]]
[32 (A+B) cos[%(e+fx)]_51n[§(e+fx)} 4 (7A-198)
[cos[ > (e #x)] - sin[ > e £x)] "3 (as218) Cos > (e x)] -sin (e Fx]]
(3034) (1) (A-128) arcTan[ |~ 2| (-1)"* (12 Tan[ 7 (e fx) ]|
[cos[ > (e #x)] - sin[ > e £x)] " 64 (A+B) sin > (e fx)] -
8 (7a+198] (cos[ > (e £x)| -sin[ > (e £x)]| sin[> (e £x]] -

Cos[l (e+fx)] —Sin[1 (e+fx)] *

6 (A+213)
2 2

2

Sin[1 (e+fx)]

(1+Sin[e+fx})2

Problem 97: Result unnecessarily involves imaginary or complex numbers.

dx

J(aJFaSin[eﬂcx])2 (A+BSin[e+fx])

(c-csinfe+fx])®?

Optimal (type 3, 222 leaves, 7 steps):

c Cos[e+fx]

a’ (3A-138) ArcTanh|

V2 +Jc-csinfe+fx] } a? (A+B) c?Cos[e+fx]°
+ +

256 /2 %2 f 8f (c-cSinfe+fx])*?

a? (3A-13B) Cos[e+fx]> a? (3A-13B) Cos[e + fx] a2
+

(3A-13B) Cos[e+fx]

48 f (c—cSin[e+1cx])9/2 64 c2 f (c—cSin[e+1‘x])5/2 256 c3 f (c—cSin[e+-Fx])3/2

Result (type 3, 357 leaves):

5
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1
6144 f (Cos[% (e+Fx)] +Sin[§ (e+Fx)])4 (c-csinfe+fx])®?

a2

Cos[1 (e+fx)] 7Sin[1 (e+fx)]

(1+Sin[e+fx})2
2 2

{2913ACOS[ (e+fx)]+1517BCos|

N |

(e+fx)]-999ACos[= (e+fx)]| -

lw N[k
N W

791BCos| = (e+fx) | —69AC05[§ (e+fx)]-725BCos|~ (e+fx)] -

(e+fx)]-(24+2414) (-1)¥* (3A-138)

(-1)** (1+Tan[1 ]

— <e+fx)]
(e+fx)] +999ASin|

N |

— N

9ACos| e+fx)}+39BCos[

(1 i
— .=
2 2

: (e+fx)] +1517BSin|
2

N [N

ArcTan

— NN

Cos[% (e+fx)] 7Sin[§ (e+fx)] 8+

4
2013 ASin

—

N W

(e+'FXH +

N |

791BSin[ = (e+fx) | -69ASin|

N U

(e+-Fx)] -

(G20 SRRV

725BSin[ = (e+fx) | +9A51n[Z (e+fx)] -39lasin[Z (e+fx)]
2 2 2

Problem 98: Result more than twice size of optimal antiderivative.
J(a+aSin[e+Fx])3 (A+BSin[e+fx}> (cchin[e+fX}>7/zd1X

Optimal (type 3, 210leaves, 6 steps):

256a° (15A-B) ¢’ Cos[e+fx]’ 64a®(15A-B) c®Cos[e+fx]’ 8a®(15A-B)c®Cos[e+fx]’
+ +
45045 f (c-cSinfe+fx])’"?

6435 (c-cSin[e+fx])>? 715f (c-cSinfe+fx])>?

2a3Bc3Cos[e+fx]7/c-cSin[e+ fx]
195 f+/c - cSinfe + f x] 15f

2a° (15A-B) c*Cos[e+fx]’

Result (type 3, 1569 leaves):

[5 (8A-B) Cos[% (e+fx)] (a+asinfe+fx])> (c—cSin[e+fx])7/2)/
(64-F(Cos[;(e+1:x)]—sin[ (e+fx)] ’

i (Cos[%(e+¥x)]+sin[

2
(5 (6 A+B) Cos[z (e+fx)] (a+asSin[e+fx])> (cfcsin[emcx])”z]/
2

’ Cos[% (e+fx) | +Sin[% (e+fx)]

<e+'FX)] (a+aSin[e+-Fx])3 (C—cSin[e+-Fx])7/2]/

[192 f

Cos[% (e+fx) | —Sin[% (e+fx)]

(3 (16A-3B) Cos|

N |

7
[320'F

Cos[% (e+fx) ] —Sin[% (e+fx)]

Cos[% (e+fx) ] +Sin[% (e+fx)]

! (e+fx)] (a+asinfe+fx])> (C—CSin[e”ch)WZ)/
2

(3 (4A+3B) Cos|
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7

448 f Cos[% (e+fx)] —Sin[% (e+fx)] Cos[% (e+fx) | +Sin[l (e+fx)]

12A-58) Cos[g <e+-Fx)] (a+aSin[e+fx])3 (c—cSin[e+-Fx])7/2
2

- "

|

7

576 f Cos[% (e+fx)] —Sin[% (e+fx)] Cos[% (e+fx)] +sin]

N
— " Nk

2A+58) Cos[E (e+fx)] (a+asinfe+fx])> (c-cSin[e+fx])”
2
7

Cos[%(e+fx>}—$in[§(e+fx)] Cos[%(e+fx)]+$in[

2A-B) Cos [ — (e+-Fx>] (a+aSin[e+Fx])3 (c—cSin[e+-Fx})7/2)

PN NP

Cos[1 (e+fx)] —Sin[l (e+fx)] ’

/_\

Cos[1 (e+fx)] +Sin[; (e+fx)]

2 2 2
(BCos[lzf5 (e+fx)] (a+asinfe+fx])? (c—csin[e+fx])7/2)/
[9601c Cos[%(e+fx”—sin[§(e+fx)] ’ Cos[%(e+fx)]+sin[§(e+fx”

(5 (8A-B) Sin[E

(e+fx)] (a+asinfe+fx])? (C—cSin[e+fx])7/2]/
2

’ Cos[1 (e+fx)] +Sin[1 (e+fx)]

2 2
Cos[1 (e+-Fx)] +Sin[l (e+-FxH

2 I/

Cos[1 (e+fx)] 7Sin[1 (e+fx)]

{64{:
2 2

(5 (6A+B) (a+aSin[e+fx])> (c—cSin[e+1‘:x])7/2Sin[3 (e+fx)]
2

Cos[% (e+fx” —Sin[% (e+-Fx)] ’

[192 f

( (16A-3B) (a aSinfe+ -Fx])3(c—cSin[e+-Fx])7/ZSin[E(e+fx)]
2

7

Cos| (e+fx) Sln[1 (e+ fx)]
2

320 f Cos[%(e+fx)]+sin[§(e+fx)}

/

( (4A+38B) (a aSinfe~+ -Fx])3(c—cSin[ewa])WZSin[Z(e+-Fx)]
2

7

448 £ | Cos | (e+ Cos[l(e+fx)]+sin[l(e+FxH

Sln[l(e fx) | A

2

7

576 f (e+fx)]

]
Cos[% (e+-Fx)] +Sin|
]

(ZA 5B) (a +asinfe+fx])> (c-cSin[e+ fx])7/25in[£(e+fx) /
2

.F
Cos e f
7

.F

X 2
x) Sln[%(e -Fx)] %
x) Cos[l(e+1cx)]+sin[l

2 2

704 f |Cos| (e+ Sln[l(eﬂcx)] (e+fx)}
2

|

3

|
((IZA 5B) (a +asinfe+fx])> (c- cSin[e+-Fx1)7/ZSin[§(e+fx) /
|

(

|

(

2A-B) (a +asSinfe + fx] )3(c—cSin[eﬂcx])”ZSin[l3

? (e+'FXH

| /
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6

] .
6]

Cos[1 (e+fx)] —Sin[1 (e+fx)] ’

{832 f
2 2

Cos[% (e+fx)] +Sin[§ (e+fx)]

(B (a+asinfe+fx])? (c—cSin[e+fx])7/2Sin[E (e+fx)})/
2

’ Cos[1 (e+fx)] +Sin[l (e+fx)]

Cos[l(e+fx>]—sin[1(e+fx)] A A

{960 f
2 2

Problem 99: Result more than twice size of optimal antiderivative.

J(a+asin[e+-Fx])3 (A+BSin[e+-Fx]> (c—cSin[e+fX}>5/zd1X

Optimal (type 3, 161 leaves, 5steps):
64a* (13A+B) c®Cos[e+fx]’ 16a> (13A+B) c>Cos[e+fx]’
+

+

9009 f (c - cSin[e+fx])7/? 1287 f (c-cSin[e+fx])°?
2a3 (13A+B) c*Cos[e+fx]’ 2a*Bc3Cosfe+fx]’

143-F(c-cSin[e+1‘:x1)3’/2 13f+/c-cSinfe + fx]
Result (type 3, 1351 leaves):

[SACos[l (e+fx)] (a+asinfe+fx])? (c—CSin[e+-FX])5/2]/
2

[S-F i Cos[i(ewa)]JrSin[

Cos[i (e+fx)] 7Sin[§ (e+Fx)]

N |

(e+-Fx)]

/

(e+-Fx>]

3
(5 (4A+B) Cos| =

(e+fx)] (a+asinfe+Fx])> (c-cSinfe+fx])®?
2

_

[961‘ (Cos[% (e+fx)] 7Sin[§ (eﬂcXH)S

Cos[% (e+fx)]+sin]

( (2A-B) Cos[E (e+Fx)] <a+aSin[e+-Fx})3 (c—cSin[e+-Fx])5/2)
2

(e+-Fx>]

/

[3 Cos % e+Fx)]fsin[§(e+fXH)5

Cos[% (e+fx)]+sin]

( 5A+2B) Cos|[— (e+fXx) ] (a+aSin[e+Fx}>3 (c—cSin[eJr-Fx])S/2

NN

—_ N

1 5

[1121‘: Cos[~ (e+fx)|-Sin]|

N |

(e+fx)]| |Cos|

N |

(e+-Fx)] +Sin]| (e+-FxH

N
N |

( A 2B) Cos

—

(e+fx)] (a+asinfe+fx])> (c—cSin[e+fx])5/2]

™~

5

|_\

[144 f

Cos[~ (e+Fx) | 7Sin[§ (e+fx)]

C
2 os|

N |

(e+fx)] +Sin| (e+-FxH

((2 B) Cos

{352'F

—

(e+fx>] (a+asinfe+fx])> (c—cSin[e+fx})5/2)

5
Cos|

N |

(e+-Fx>] —Sin[% (e+Fx)]

Cos[i (e+fx)]|+sSin[= (e+fx) ]

BCos[E (e+fx)] (a+asSinfe+fx])’ (cfcsin[e+Fx])5/2)/
2
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[4161c Cos[%(e+fx>]—Sin[§(e+fx)] i Cos[%(e+fx)]+5in[§(e+FxH 6]+
(SASin[i (e+fx)] (a+asinfe+fx])> (c—cSin[e+-Fx})5/2J/
{81C Cos[i(e+fx”—sin[§(e+fx)] i Cos[%(e+fx>]+sin[§(e+fx)] 6]+

(5 (4A+B) (a+aSin[e+fx])> (c—cSin[e+-Fx])5/2$in[i (e+fx)]
2

/

Cos[% (e+fx)] +Sin[§ (e+fx)]

/

Cos[% (e+fx)] +Sin[§ (e+fx)]
/

Cos[% (e+fx)] +Sin[§ (e+fx)]

/

Cos[% (e+fx)] +Sin[l (e+fx)]

[961c (Cos[% (e+Fx)] 7Sin[§ (e+Fx)] 5

((2A—B) (a+aSin[e+-Fx])3 (c—cSin[eJrFx])S/zSin[ <e+-Fx)]

N U

5

2

[3 Cos e+fx)]fsin[l(e+fx”
(

( 5A+2B) <a+a51n[e+fx]>3 (c—cSin[eJr-Fx])S/zSin[Z(e+-Fx)]
2

Cos[% (e+fx)] 7Sin[§ (e+fx)] i

[112 f
(

=

|

-2B) (a+aSin[e+1“x])3 (c—cSin[e+-Fx])F’/zsin[g (e+fx) |
2

Cos| e+fx)]75in[§(e+fx)] i

[144 f
(24

2
( 2A+B) (a+aSin[e+fx])> (c—cSin[e+-Fx])5/ZSin[E (e+-FxH)/
2

[352~F Cos[%(e+fx>]—sin[§(e+fx)] ’ Cos[%(e+fx)]+sin[§(e+~FxH 6]
. 3 . 5/2 o. 13

(B(a+a$1n[e+fx}) (c-csinfe+fx]) Sln[?(e+fx”/

[4161: Cos[i(e+fx)]fsin[§(e+fx)] Cos[%(e+fx)]+sin[§(e+1‘x)} ]

Problem 100: Result more than twice size of optimal antiderivative.

J(a+a$in[e+fx])3 (A+BSin[e+Fx}> (c—cSin[e+-Fx])3/2d1x

Optimal (type 3, 124 leaves, 4 steps):
8a® (11A+3B) c®Cos[e+fx]” 2a®(11A+3B) c*Cos[e+fx]’ 2a3Bc3Cos[e+fx]7
+

693f(c—cSin[e+Fx])7/2 99f(c—cSin[e+fx})5/2 _1115(c—cSin[e+1‘x])3/2
Result (type 3, 1157 leaves):

[(6A+B) Cos|

N | R

(e+fx>] (a+aSin[e+Fx])3 (Cchin[eJr-Fx})”Z)/

’ Cos[1 (e+fx)] +Sin[l (e+fx)]

Cos[l(e+fx”—sin[ A A

[s+
2

N |

(e+fx)]

|
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(SA 38) Cos[ (e+ -FXH (a+aSin[e+-Fx}>3(c—cSin[e+fx])3/2]/

1 3
24 Cos (e+fx) Sln[—(e+fx”)
2

cor[ (e 1) st (o)) -
1.
1.
1.
1.
1.

|

Cos[—(e fx” (a+asinfe+ fx})3(c—cSin[e+fx])3/2J/

Cos[% (e+fx)] +Sin[§ (e+fx)]

(6A B) Cos[ (e+Fx)] (a+aSin[e+-Fx])3(c—cSin[e+fx])3/2]/

3

112 f Cos

Cos[% (e+fx) | +Sin[% (e+fx)]

(e+fx)] (a+aSin[e+-Fx}>3 (c—cSin[e+-Fx])3/2]/

3

(
|
B
[1 (Cos (e+fx) Sln[%(eﬂcx)})3
(
|
(
|

(e+fx) Sin[l(eﬂcx)]
2
(ZA 38B) Cos[
144 £ e X

Cos f

Sin[% (e+fx)]

Cos[% (e+fx)] +Sin[§ (e+fx)]

BCOS[Z (e+ 'FX)] (a+ a51n[e+fx])3(c,csin[eJr.FX])zx/z)/
’ COS[l(e+fx)]+5in[l(e+fxﬂ

Cos[l(e +fx) |- Sin[l(e+fx)] A A

2 2

176 £

(6A B) Sln[ (e+fx)] (a+aSin[e+-Fx})3(c—cSin[e+-Fx])3/2]/

1 3
Cos| (e+fx) -Sin[ = (e+ -Fx)]
2

8f

Cos[% (e+fx)] +Sin[§ (e+fx)]

/

(SA 38B) (a +aSinfe+ fx})3(c—cSin[e+fx])3/ZSin[i(e+-Fx)]
2

24 [Cos| = (e+fx)] Sln[i(eﬁzx” ’ Cos[%(e Fx)]+Sin[§(e fx) | 6)
( (a+asinfe+ -Fx])3(c cSin[e+ -Fx])3/251n[3<e -Fx)]/
Cos|[ =~ (e+fX) Sln[l(emcxﬂ ’ Cos[l(e fx)|+sin[= (e+fx)]

2

6A+B) (a +asinfe+fx]) (c—cSin[e+Fx])3/ZSin[Z<e+-Fx)]
2

|

Sin[% (e+fx)] ’

112 f Cos e

Cos[i (e+fx)] +Sin[§ (e+fx)]

/

Cos[% (e+fx)] +Sin[§ (e+fx)]

.F
(ZA 3B) (a +aSin[e+ -Fx}>3(c—cSin[e+-Fx])3/2Sin[g(e+-Fx)]
2
.F

x)
1 3
144 f |Cos| (e+fx) Sin[—(e+fx)]
2

( (a+asinfe+ fx})s(c cSinfe+ fx])S/ZSin[E(eﬂcxH)/
2

3

176 f Cos e fx Sin[ (e+-Fx)] (e+-FxH

|
(
o
{1 3
|
(
|
|

[
1
2

Cos[% (e+-Fx)] +Sin|

N |
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Problem 102: Result unnecessarily involves imaginary or complex numbers.

(a+aSin[e+-Fx])3 (A+BSin[e+fx])
J dx

Vc-csSinfe+fx]
Optimal (type 3, 200 leaves, 7 steps):

8+/2 a* (A+B) ArcTanh| ¢ Cos[e+fx]

V2 [ccsinferfx] 2a*Bc3Cos[e+fx]7

e f 7f (c-csinfe+fx])"?

2a3> (A+B) c?Cos[e+fx]®> 4a®> (A+B)cCos[e+fx]®> 8a® (A+B) Cos[e+fx]

5f(c-cSinfe+fx])¥?  3f(c-cSinfe+fx])>? f/c-cSin[e+fx]

Result (type 3, 193 leaves):
1

420 f (Cos[i (e+fx)] +Sin[i (e+fx)])6\/c—csin[e+fx]

a3 (Cos[% (e+fx)] —Sin[% (e+fx)] (1+Sin[e+1‘x])3

] -

((6720+6726 i) (-1)¥* (A+B) Ar‘cTan[(l+ j—] (-1)** (1+Tan[1 (e+Fx)]
2 2 4

2

Cos[l (e+fx)] +Sin[l (e+fx)]| (-2086A-2236B+
2 2

6 (7A+22B) Cos[2 (e+fx)| - (448A+673B) Sin[e+fx] +15BSin|3 (e+fx)”]

Problem 103: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+aSin[e+ fx] 3 A+BSin[e +fx]
J dx

(c-csinfe+fx])>?

Optimal (type 3, 218 leaves, 7 steps):

2/2 a® (5A+9B) ArcTanh | —recoslesfxl

V2 +[c-csinferfx] a® (A+B) c3Cos[e+fx]7
+

2 f 2f (c-csinfe+fx])??

a®> (5A+9B) cCos[e+fx]> a*®(5A+9B) Cos[e+fx]> 2a®(5A+9B) Cos[e+fx]
+ +

10f (c-cSinfe+fx])>? 3 (c-cSin[e+fx])>? cf/c-cSin[e+fx]

Result (type 3, 444 leaves):



Mathematica 11.3 Integration Test Results for 4.1.3.1 (a+b sin)™m (c+d sin)”~n (A+B sin).nb | 49

1

30f (Cos[% (e+Fx)] +Sin[% (e+fx)])6 (c-csinfe+fx])>?

al Cos[l(e+fx”75in[1(e+fx)] (1+sinfe+fx])?
2 2
[129 (A+B) Cos[l(eﬂcx)}-Sin[l(eﬂcx)] +(120+1204) (-1)"* (5A+9B)
2 2

1 1 1 1 2
ArcTan| | —+ — Cos|— (e+fx)| -Sin|— (e+fXx
5+ [ (e fx]] -sin (e #x]]|

]

(e+fx)] —Sin[i (e+fx)])2

(-1)¥* (1+Tan[i (e+Fx)]

30 (9A+20B) Cos|

N |

(e+fx)] [Cos|

N |

2

5(2A+9B) Cos[z (e+fx)] (Cos[% (e+fx)] —Sin[% (e+fx)]

3B Cos|

[N |

(e+Fx)] (Cos[

N |

(e+fx)] - Sin|

N |

(e+fx)})2+240 (A+B) Sin[= (e+Ffx) ] +

1
2
2 1

Sin| = (e+fx” +

30 (9A+208) (Cos[l<e+fx)]—Sin[l(e+fx” A

2 2

2

5(2A+98B) Cos[i(ewa)]—Sin[ (e+-FxH Sin| (e+-FxH—

N R
N W

2

3B Cos[i(eﬂcx)]—sin[ (e+fx)]| sin[= (e+fx)]

N\I—‘
N u

Problem 104: Result unnecessarily involves imaginary or complex numbers.

(a+aSin[e+1‘:x])3 (A+BSin[e+fx])
J dx

(c—cSin[e+-Fx})5/2

Optimal (type 3, 225leaves, 7 steps):

5a’ (3A+11B) ArcTanh [ —cCoslesfx]
V2 iJccSin[esfx] a®> (A+B) c3Cos[e+fx]’
. _
22 2 f 4f (c-csinfe+fx])H?

a®> (3A+11B) cCos[e+fx]° 5a®(3A+11B) Cos[e+fx]® 5a°(3A+11B) Cos[e+fx]

8f (c-csSinfe+fx])""? 24cf (c-csinfe+fx])*? 4c2f-/c-cSin[e+fx]

Result (type 3, 434 leaves):
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1

6f (Cos[% (e+Fx)] +Sin[§ (e+fx)”6 (c-csinfe+fx])®>?

al Cos[%(e+fx”75in[§(e+fx)] (1+sinfe+fx])?

[12 (A +B) Cos[i(e+fx)]—$in{§(e+¥x)] -
3(9A+178) Cos[i(e++x)}-$in[§(e+fx)] 3-(15+1511) (-1)"* (3A+118)
Ar‘cTan[(i+§] (—1)1/4 1+Tan[i<e+fx)] ] Cos[%<e+fx)]—sin[§(e+fx” i
6 (2A+118) COS[%(E-%—'FX)] Cos[%(e+-FxH—Sin[§(e+fx)] 4+
ZBCos[z (e+fx)] (Cos[% (e+fx)]fsin[§ (e+fx)})4+24 (A +B) Sin[% (e+fx)] -
6 (9A+178) Cos[%(e+fx”—sin[§(e+fx)] ZSin[§<e+fx)]—
6 (2A+11B) Cos[i(e+-Fx”—Sin[§(e+-Fx)] 4Sin[§(e+fx)]—
2B Cos[i(e+fx)]—$in[§(e+¥x” 4Sin[z(erFxH

Problem 105: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+aSin[e+ fx] 3 A+BSin[e+fXx]
J dx

(c—cSin[e+-Fx})7/2

Optimal (type 3, 217 leaves, 7 steps):

5a® (A+13B) ArcTanh| ¢ Cos[exfx]

V2 [c-csinfesfx] a®> (A+B) c3Cos[e+fx]7
+

8+/2 c7/2f 6f (c-cSinfe+fx])¥?

a®> (A+13B) cCos[e+fx]®> 5a’(A+13B)Cos[e+fx]> 5a®(A+13B) Cos[e+fx]
+ +

24f (c-cSinfe+fx])%? 48cf (c-cSinfe+fx])”? 16c3f+/c-csSinfe+fx]

Result (type 3, 9101leaves):
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4 (A+B) (Cos[% (e+fx)] —Sin[i (e+Fx)])2 (a+aSin[e+-Fx])3

3f(Cos[1 (e+Fx)]+ Sin[1 (e+Fx)])6 (c-csinfe+fx])""?

a4
(a+asinfe+fx])

')/

( 13A - 253)

o1
Cos[ (e+fx)]- Sm[;(em‘x)]

6
6 |Cos| 1 (e+fx) Sln[1 (e+Fx)] (ccSin[e+fx])7/2]+

6

(a+asinfe+fx])>

/
(EJrSj

]y

8 8

|

2
11A+47B) (COS[ (e+fx)] - Sin[i(eJr-FxH
1

1 6

Cos |~ (e+fx) +Sin|

2 (e+fx)]

-
|
|
o

(ccSin[e+fx])7/2] +

—1)1/4Sec[1 (e+Fx)]

(A+138B) ArcTan[(— =
4

]

Cos[41 (e+fx)] +Sin[i (e+fx)]
')/

(c—cSin[e+-Fx])7/2] +

1
2
1

=
—_
— — N

7
Cos[~ (e+fx)| -sin| (a+asinfe+fx])

{f (e+fx)]+sin]
(ZBCos[i (e+fx)] Cos[% (e+fx)] —Sin[% (e+fx)]
[f
(ZB (Cos[1 (e+fx)] —Sin[1 (e+fx)]

2 2
[f

Cos[% (e+-Fx)] —Sin[% (e+-Fx)]

Cos
[ 2

7
(a+asinfe+fx])

i

Cos[i (e+fx)] +Sin[§ (e+fx)] °

(c—cSin[e+fx])7/2] +

7
Sin[1 (e+fx)] (a+asin[e+fx])
2

')/

Cos[% (e+fx)] +Sin[§ (e+fx)] °

(ccSin[e+Fx])7/2] +

3

|
£

[—13ASin[§ (e+fx)] —ZSBSin[i (e+fx)]

6

(a+aSin[e+fx])3)/ [3-F

1
2
Cos[% (e+fx)] —Sin[l (e+fx)]
1
2

(e+-FxH +Sin[§ (e+-Fx)]

(ccSin[e+-Fx])7/2) +

ASin[% (e+fx)] +BSin[§ (e+fx)]

2
(a+aSin[e+-Fx])3)/ [3-F

1
(e+fx) | —Sln[g (e+fx)]

/(41‘:

Problem 106: Result unnecessarily involves imaginary or complex numbers.

6

(e+fx)] +Sin[§ (e+Fx)]

(ccSin[e+-Fx])7/2) +

Cos|

N |

[11ASin[§ (e+fx) | +47BSin[% (e+fx)]

Cos{l (e+fx)] +Sin[l (e+fx) | °

(a+aSin[e+1Cx])3
2 2

(c—cSin[e+fx])7/2)

a+aSin[e+fXx] A+BSin[e +f Xx]
J 3

dx
(c-csinfe+fx])®?

Optimal (type 3, 217 leaves, 7 steps):
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5a® (A-15B) ArcTanh | —-ctoslerfxl

V2 +JccSin[esfx] a3 (A+B) c3Cos[e+fx]”7
+ +
128/2 92 f 8f (c-cSinfe+fx])®?

a®> (A-15B) cCos[e+fx]> 5a® (A-15B) Cos[e+fx]?3 5a® (A-15B) Cos[e + f x]

48f (c-cSinfe+fx])™? 192cf (c-cSinfe+fx])”? 1283 f (c-cSinfe+fx])>?
Result (type 3, 431 leaves):

[(128 : 152—];) (-1)** (A-158)

Ar‘cTan[[l+ l) (—1)1/4Sec[l (e+Fx)]

- . Cos[l(e+fx)]+sin[l(e+fx” ]

4 4

9

Cos[i(e+fx)}—$in[§(e+1‘x)] (a+asin[e+fx])3]/
{f Cos{% (e+Fx)] +Sin[% (e+fx)] ° (c—cSin[e+-Fx])9/2] +
1

3072 f (Cos[i <e+-Fx)] +Sin[§ (e+fx)])6 (c—cSin[eJr-Fx})g/2

Cos[% (e+fx)] —Sin[% (e+fx)]
1

(a+aSin[e+-Fx])3

1 3
2
[

(e+fx)]+405BCos[ = (e+fx)|-895ACos]|

(1765AC05[ (e+fx)] -

2703BCos| = (e+fx) | -397ACos[ = (e+fx)|+579BCos |~ (e+fx)]+

N u

7 7 1
15AC05[E e+fx)] +543BCos[g e+fx)| +1765ASin[£ (e+Fx)]+
4<a5|351n[1 (e+fx)] +895A51n[i (e+fx)]+2703BSin| =

2

N N (e+fXH7

397 ASin E e+fx)| +579BSin E e+fx)|-15ASin Z e+fx)|-543BSin Z e+fx
[2 2 2 2

Problem 107: Result unnecessarily involves imaginary or complex numbers.

a+aSin[e+ fx] 3 A+BSin[e+fXx]
J dx

(c—cSin[eJr-Fx])ll/2

Optimal (type 3, 266 leaves, 8 steps):

a® (3A-17B) ArcTanh | —-ctoslerfxl

V2 [c-csinfesfx] a® (A+B) c3Cos[e+fx]’
+ +
512 /2 cl1/2 f 10f (c-csinfe+fx])"?

a®> (3A-17B) cCos[e+fx]® a®(3A-17B) Cos[e+fx]?3

80 f (c-csinfe+fx])¥? o6cf (c-csinfe+fx])??
a®> (3A-178) Cos[e+fx] a®> (3A-178) Cos[e+ fx]

1283 f (c-cSinfe+fx])”? 512¢*f (c-cSinfe+fx])>?
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Result (type 3, 485leaves):

[(siz ' sjz) (-1)** (3A-178)

1 1
ArcTan | [— g
2 2

(—1)1/4Sec{% (e+Fx)] (Cos[% (e+Fx)] +Sin[:l—l (e+Fx)]|]

/

(ccSin[eJrFx])ll/z) +

Cos[1 (e+fx” —Sin[l (e+-Fx)] "

(a+aSin[e+Fx])3
2 2

Cos[% (e+fx)] +Sin[§ (e+Fx)] °

[f

Cos[% (e+fx)] —Sin[% (e+fx)]

(a+aSin[e+1Cx])3

|

1 1
56370AC05[; (e+fx>] +3897@BC05[; (e+FxH -

31140 ACos | (e+fx)] —385808Cos[i (e+fx>] —10404ACos[5 (e+fx)] -
2

2

(e+fx)] +435ACos[Z (e+fx)] +777SBCos[Z (e+fx)] -

12724 B Cos |
2 2

NN W

45ACos[g (e+fx)] +255|3Cos[2 (e+fx)] +5637<>)A51n[l (e+fx)]+
2 2 2

. o3 3
3897elen[;(e+fx)]+3114eAsln[;(e+fx)]+3858@B$1n[;(e+fx)]-

1e4<a4ASin[E (e+fx)] -12724BSin[E (e+fx)] -435A51n[Z (e+fx)]-
2 2 2

7775BSin[Z (e+fx)] —45ASin[g (e+fx)] +255851n[g (e+fx)] /
2 2 2

6
Cos[l (e+Fx)] +Sin[l (e+Fx)]| (c-csinfe+fx])*?
2 2

{122 880 f

Problem 108: Result more than twice size of optimal antiderivative.

7/2

(A+Bsin[e+fx]) (c-cSin[e+fx])
j dx

a+aSin[e+fx]

Optimal (type 3, 200 leaves, 6 steps):

128 (7A-9B) c*Cos[e+fx] 32 (7A-9B) c®Cos[e+fx]/c-cSin[e+fx]

35af+/c-cSinfe + fx] 35af

12 (7A-9B) c?Cos[e+fx] (c—<:Sin[e+-Fx])3/2
35af .

(7A-9B) cCos[e+fx] (c-cSin[e+fx])** (A-B)Sec[e+fx] (c-cSin[e+fx])®?
7af . acf

Result (type 3, 864 leaves):
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Cos[1 <e+-Fx)] +Sin[l (e+Fx”

([16 (A - B)
2 2

[f

(76A 1118B) cOs[ (e+fx)]

(c—cSin[e+fx])7/2]/

(a+asinfe+fx])||-

Cos[i (e+fx)] —Sin[% (e+fx)] ’

2

Cos[i (e+fx)] +Sin[§ (e+fx)]

(ccSin[e+fx])7/2]/

7

4 f COS e

(a+asinfe+fx])| -

2
Cos[l(e+fx)}+sin[ ’

(e+fx)] A

(e+-Fx)]

N |

(ccSin[e+fx])7/2]/

x) Sln[l(e+fx)]

(

[ f

((6A 138) cOs[
[4 f Sln[%<e+fx)] 7(a+aSin[e+fx]) N
( 2
|

Cos e

(ZA 9B) Cos[ (e+ -FXH (Cos[%(e+1=x)]+sin[§(e+fx)}) (c—cSin[e+Fx}>7/2)/
20F Cos (e+fx) Sin[l(e+-FxH)7(a+aSin[e+Fx1) -

2
(c—cSin[e+fX})7/2)/

(a+asinfe+fx]) |-

2

BCos[ (e+ 'FXH (Cos[; (e+fx)]+$in[§(e+fx”

7

2
2

(76A 1118B) sln[ (e+fx Cos[l(e+fx)]+sin[1(e+fx)]

(ccSin[e+fx])7/2]/

1
28 f Cos (e+fx) —Sin[—(e+fx”
x)

)] A A
1 7
4f |Cos|[~ (e+f -Sin[= (e+fx)|| (a+aSin[e+fx])|+
2
1 1 2 3
6A-13B) |Cos|— (e+f +Sin| — f ~cSi +F 726in[= (e+ f
( ) 05[2 (e+fx)] 1n[2 (e+fx)]| (c-cSinfe+fx]) 1n[2 (e+fx)] /
1 1 7 .
Cos[~ (e+fx)|-Sin[= (e+fx)]|| (a+aSin[e+fx])|+
2 2
1 2 . 72 512
(ZA 9B) Cos[ (e+fx)] Sln[f(e -FXH (c-csinfe+fx]) Sln[f(ewaH/
2 2

2

| /

(c—cSin[eJr-Fx})WZSin{Z (e+Fx)]
2

7

1 7
20 Cos (e+fx) Sin[—(e+fx”) (a+asinfe+fx]) |+
2
x) (a+asinfe+fx])

Sin[% (e+fx)]

28 f Cos e f

|
<
|
(
s
<
o¢
|

Problem 112: Result unnecessarily involves imaginary or complex numbers.

J A+BSin[e +fX] 4
X
(a+asinfe+fx])Vc-cSin[e+fx]

Optimal (type 3, 91 leaves, 4 steps):
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(A+B) ArcTanh | ——cCoslerfxl
V7 Jccsinfefx) (A-B) Sec[e+fx]/c-cSin[e+fx]
V2 ae f acf

Result (type 3, 140leaves):

Cos[1 (e+fx)] 7Sin[1 (e+fx)] Cos[1 (e+fx)] +Sin[1 (e+Fx)]

2 2 2 2
~A+B- (1+1) (-1)Y* (A+B) Ar‘cTan[(1+£] (-1)* (1+Tan[1 (e+fx)]]|]
2 2 4

Cos[i (e+fx” +Sin[§ (e+-Fx)]

))/(af(1+sin[e+fx]) vc-cSinfe + fx] )

Problem 113: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BSin[e+fx] dx
(a+asinfe+fx]) (c-cSin[e+fx])>?
Optimal (type 3, 136 leaves, 5steps):

(3A-B) ArcTanh | —retoslerfxl
V2 e csinferfx] (3A-B) Cos[e+fx] (A-B) Sec[e +fx]
.

4~/2 ac¥?f 4a1‘=(c—csin[e+1‘:x})3/2 acfyc-cSin[e+fx]

Result (type 3, 284 leaves):
1

Cos[% (e+fx)] —Sin[% (e+fx)]

4af (1+Sinfe+fx]) (c-cSinfe+fx])>?

2
+

Cos[1 (e+fx)] JrSin[1 (e+fx)]| |2 (-A+B) Cos[l (e+fx)] 7Sin[1 (e+fx)]

2 2 2 2
(A +B) Cos[%(e+fx)}—$in[%(e+fx)] Cos[%(e+Fx)]+Sin[%<e+fx)] -
(1+4) (-1)¥* (3A-8) Ar‘cTan[[%+i—) (~1)2 (1+Tan[4l (e+fx”)]

(Cos[l (e+fx)] —Sin[l (e+fx)]

N 5 Z(Cos[l(e+fx)]+sin[l(e+fx>])+

2 2

|

Problem 114: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

2 (A+B) Sin[ = (e+fx)] Cos[% (e+fx) | +Sin[% (e+fx)]

N |

J A+BSin[e + f x] q
X
(a+asinfe+fx]) (c-cSin[e+fx])>?

Optimal (type 3, 180leaves, 6 steps):
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c Cosfe+fx]

V2 \[c-csinfesfx] ) 3 (5A-3B) Cos[e+fx]
+ +

32+/2 ac5/2f 32ac-F(c—cSin[e+1Cx})3/2

3 (5A-3B) ArcTanh|

(A+B) Sec[e+fx] (5A-3B) sec[e+fx]

4acf (c-csSinfe+fx])*? 8ac2f+/c-csinfe+fx]

Result (type 3, 404 leaves):
! (Cos[l(e+fx)]—sin[l(e+fx”

32af (1+sinfes£x]) (c-csinfesfx))52 | 2 2
Cos[i(e+fx)]+$in[%(e+¥x)] [8(A+B) Cos[%(e+fx”—sin[§(e+fx)] ‘.
4 (A+B) Cos[%(e+-FxH—Sin[%(e+-Fx)] Cos[%(e+fx”+$in[§(e+fx)] :
74-8) [cos[> (e+ ]| -sin|> (e~ fx]] ’ cos > e £x) ] +sin[ > (e £x)]| -
(3034) (2] (sa-38) arctan[ [« | (2] [10Tan[ (e £x]]|]

+

Cos[% (e+fx)] +Sin[§ (e+fx)]

(Cos[% (e+fx)] 7Sin[§ (e+fx>})4

Cos[% (e+fx)] +Sin{§ (e+fx)]]|+

8 (A+B) Sin[% (e+fx)]
Cos[% (e+fx)] —Sin{% (e+fx)]

Cos[% (e+fx)] +Sin[§ (e+fx)]

2 (7A-B)

|

Problem 115: Result more than twice size of optimal antiderivative.

])9/2

Sin{% (e+fx)]

dx

J(A+Bsin[e+fx]) (c-csinfe+fx

(a+asinfe+fx])?

Optimal (type 3, 242 leaves, 7 steps):
2048 (7A-13B) c*Sec[e+fx] V/c-cSin[e+fx]

105 a2 f
512 (7A-13B) c*>Sec[e+fx] (c-cSin[e+fx])>?
105 a2 f )
64 (7A-13B) c?*Sec[e + fx] (c—cSin[eJr-Fx])S/2
105 a2 f )

16 (7A-13B) cSec[e+fx] (c-cSinfe+fx])’?

105 a2 f
(7A-13B) sec[e+ fx] (c—cSin[e+1‘x])9/2 (A-B) Sec[e+fx]? (c-cSin[e+fx])

13/2

21a2f 332C2'F
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Result (type 3, 953 leaves):

_([32(A—B) Cos[i(e+fx)]+sin[§(e+FxH (C—cSin[e+fx])9/2]/
{B-F Cos[i(e+FxH—Sin[%(e+-Fx)] 9(a+aSin[e+1‘x])2 J+

(32 (2A-38) Cos[i(e -Fx”JrSin[i(eﬂcx)] 3
]

(ccSin[e+-Fx])9/2J/

9
Cos|[~ (e+fx) Sln[1 (e+fx) (a+asinfe+fx])?| +
2

4
(164A 351B) Cos[ (e+fx)] Cos[l(e+FXH+Sin[l(e+fx)] (c—cSin[e+fx])9/2)/
2 2 2
9
4f |Cos|[— (e+fx)] Sln[l(eﬂcx)] (a+aSin[e+1‘x])2 +
2
1 1 4
Cos[= (e+f sin[= (e+f - cSi f 9”)
os[2 (e+fx)]+ 1n[2 (e+fx)]| (c-csinfe+fx]) /

9

12 Cos (e+fx) Sin[l(e+fx”

(a+asinfe+fx])?| -
2

Cos[% (e+fx)] +Sin[§ (e+fx)] )

(ZA 138) cOs[ (e+fx)]

(ccSin[e+fx])9/2]/

9

y
(
|
((26A 83 B) Cos[ (e+fx)]
=
(
|

Cos e -Fx Sln[l(e+-FxH
2

20f (a+aSin[e+-Fx])2 +

(BCOS[ (e+ fx” (Cos[i (e+fx)]+sin[1(e+fx”)4(ccSin[e+-Fx})9/2)/

2

9
(e+fx)}) (a+aSin[e+Fx})2 +

Cos{l (e+fx)] +Sin[1 (e+fx) | *

( 164 A - 351B) sln[
2 2

(c—cSin[e+fx])9/2)/

28 f Cos (e+fx) | -sin|
X

4f |Cos|[— (e+f (a+aSin[e+1‘x])2 -

4
(c—cSin[e+-Fx}>9/ZSin[i (e+Fx)]
2

/

2
1 1 o
12 Cos (e+fx) | -sin —(e+fx”

(a+asinfe+fx])?| -
2 2

4
(cfcsin[eH:x])c"/zsin[E (e+Fx)]

( 2A- 13B)
2

Cos[ (e+fx)]+sin[= (e+fx)]

/

1 9

1
Cos[= (e+fx)] -5 o f
os A e x 1n[2 (e XH

2

20 f (a+aSin[e+-Fx}) -

|

(

| ;

((ZGA 83B) (cOs[ (e+ fx)]+51n[1(e+fx)}
o |

(

|

Cos[i(e +fx) ]+ Sln[i(e +fx)]| (c-csinfe+fx])¥?sin[~ (e+fx)]

" /

7
2

[28'F (Cos[% (e+Fx)] —Sin[% (e+fx>})9 (a+aSin[e+Fx})2
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Problem 120: Result unnecessarily involves imaginary or complex numbers.

J A+BSin[e + fx] dx
(a+asinfe+fx])*vc-cSinf[e+fx]
Optimal (type 3, 135leaves, 5steps):

(A+B) ArcTanh | ¢ Cos[e+fx]

/2 \/c-cSinfe+fx]

22 a?+/c f
(A+B) Sec[e+fx]/c-cSin[e+fx] (A-B) Sec[e+fx]3 (C—cSin[eJrFX])B/2
2a2c-F 3a2c2.F

Result (type 3, 176 leaves):

Cos[l (e+Fx)] 7Sin[1 (e+fx)]| |Cos|

2 2

(e+-Fx)] +Sin|

N |
N |

(e+fx)])

Cos[1 (e+Fx)] +Sin[1 (e+fx)]| - (3+31) (-1)"* (A+B)

(2 (-A+B) -3 (A+B)
2 2

ArcTan[(iJri— (-1)%* [1+Tan[i (e+Fx)]

(6a2f (1+sinfe+fx])?c-cSin[e+fx] )

Cos[% (e+fx)] +Sin[§ (e+fx)]

]

1)/

Problem 121: Result unnecessarily involves imaginary or complex numbers.

j A+BSin[e + fx] q
X
(a+asinfe+fx])? (c-csSinfe+fx])>?

Optimal (type 3, 175leaves, 6 steps):

(5A+B) ArcTanh | —cCoslecfx]

N2 o/ c-cSinfe+fx] } (5A+B) Cos[e+fx]
+

82 a2c¥2f 8a’f (c-csSinfe+fx])??
(5A+B) Sec[e + fXx] (A-B) Sec[e+fx]3+/c-cSin[e + fx]
6a2cf~/c-cSinfe +fx] 3a’c?*f

Result (type 3, 300leaves):
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1

2422 f (1+Sinfe+fx])? (c-cSin[e+fx])??

(Cos[% (e+fx)] —Sin[% (e+fx)]

(Cos[i (e+fx)] +Sin[§ (e+fx)]

2
+

[—12ACos[e+-Fx]2+4 (-A+B) (Cos{1 (e+fx)] —Sin[1 (e+fx) |
2 2

1

3 (A+B) Cos|

Cos[% (e+fx” —Sin[% (e+-Fx)]

N |-

(e+Fx” +Sin|

i

2
(3+31) (-1)"* (5A+B) ArcTan]| 1+7) (-1)%* (1+Tan[1 (e+fx)])]
£

2 2 4
Cos[% (e+fx)] +Sin[% (e+fx)]

)

Problem 122: Result unnecessarily involves imaginary or complex numbers.

(Cos[% (e+fx)] —Sin[% (e+fx)]

6 (A+B) Sin[1 (e+fx)]
2

Cos[% (e+fx)] +Sin[% (e+fx)]

J A+BSin[e+fXx] q
X
(a+asinfe+fx])? (c-cSin[e+fx])>?

Optimal (type 3, 225leaves, 7 steps):

5 (7A-B) ArcTanh]| ¢ Cos[e+fx]

N2 +/c-csinfe+fx] 5 (7A-B) Cos[e+fXx]
+

N
64+/2 a2c5/2f 64a2cf (c-cSinfe+fx])>?

(7A-B) Sec[e +fX] 5 (7A-B) Sec[e + fx] (A-B) Sec[e+fx]3

24a2cf(c—csin[e+fx})3/2 4832 c2f~/c-cSin[e+fx] 3a?c2f+/c-cSin[e+fx]

Result (type 3, 4301leaves):
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1

192a%f (1+Sin[e+fx})2 (c—cSin[le-Fx])'r’/2

(Cos[1 (e+fx)] —Sin[1 (e+fx)]

(Cos[1 (e+fx)] +Sin[1 (e+fx)]

2 2 2 2
4
{3(11A+3B)Cos[e+-Fx}3+16(—A+B) Cos[l(eﬂcx)}-Sin[l(eﬂcx)] +
2 2
1 o1 4 1 o1 2
24(—3A+B) Cos[g(e+fx>]—51n[g(e+fx)] Cos[g<e+fx)]+51n[;(e+1cx” +

3

12 (A+B) (Cos[% (e+fx)] —Sin[% (e+fx>]) (Cos[% (e+fx)] +Sin[§ (e+fx)]
]

Cos[% (e+fx)] +Sin[% (e+Fx)]

(15+151) (-1)** (7A-B) Ar‘cTan[[l+j— (-1)** (1+Tan[
2 2
4

(e+-Fx)]

L
a4
(Cos[%(eﬂcx)]fsin[i(e+fx)} +

w

24 (A +B) Sin[1 (e+fx)]

+

Cos{% (e+fx)] +Sin[§ (e+fx)]

2
6 (11A+38B) Cos[%(e+Fx”—Sin[§(e+-Fx)] 2
Sin[i(eJr-FxH Cos[%(eJr-Fx)]JrSin[i(e+-Fx>] 3]

Problem 123: Result more than twice size of optimal antiderivative.

9/2

(A+BSin[e+fx]) (c-cSin[e+fx])
J dx

(a+asinfe+fx])>

Optimal (type 3, 242 leaves, 7 steps):
2048 (A-3B) c*Sec[e+fx]?3 (c—cSin[e+-Fx])3/2

+

15a3 f
512 (A-3B) c?Sec[e+fx]> (cchin[eJr-Fx])S/2
5a3f )
64 (A-3B) cSecle+fx]3 (c-cSinfe+fx])”? 16 (A-3B) Sec[e+fx]3 (c-cSin[e+fx])"?
5af ) 15af )
(A-3B) Sec[e+fx]3 (c-cSinfe+fx])™? (A-B)Secle+fx]® (c-cSin[e+fx])*¥?
5acf ) 5a3c3f

Result (type 3, 840leaves):
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([32(AB) Cos[~ (e+fx)]+Sin[~ (e+fx)]

N |

(c—cSin[e+fx])9/2]/

]+
(ccSin[e+fx])9/2J/

(a+asinfe+fx])?| -

5
(ccSin[e+fx])9/2]/

N |

9
Cos[l(e+fx)}—Sin[l(e+fx)] (a+asinfe+fx])’

[SF
2 2

Cos[1 (e+fx)] JrSin[1 (e+fx)] ’

(32 (2A-38) 5 A

9
[3F

Cos[% (e+fx)] 7Sin[§ (e+fx)]

(16 (3A-78)

Cos[i (e+fx)] +sin]

(a+aSin[e+Fx])3J -

(e+-Fx>] °

N |

(c—cSin[e+Fx})9/2)/

2

2
( 15A-56B) Cos[i (e+Fx)] (Cos[1 (e+fx)]+sin|
1 9

(a+aSin[e+-Fx])3 -

Cos[% (e+fx)] +Sin[§ (e+fx)] °

(C—CSin[e+'FX])9/2J/

Cos[1 (e+fx)] —Sin[l (e+fx)] ’

(a+asinfe+fx])’| -
2 2

(ccSin[e+fx})9/2J/

(a+asinfe+fx])?| -

Cos[1 (e+fx)] +Sin[1 (e+fx)] °

BCos[E(eﬂcxH A A

2

Cos[% (e+fx)] 7Sin[§ (e+fx)] ’

Cos[1 (e+fx)] +Sin[§ (e+Fx)] °

(ccSin[e+-Fx])9/2)/

9

(a+aSin[e+Fx])3) +

6

(c-csinfe+fx])??sin[= (e+fx)]

/

N W

(a+aSin[e+1‘:x])3 -

6

/

(c—cSin[eJr-Fx})g/zsin{E (e+Fx)]
2

9
10 f (Cos[l (e+Fx)] —Sin[1 (e+fx)]| (a+asSin[e+fx])?
2 2

Problem 128: Result unnecessarily involves imaginary or complex numbers.

A+BSin[e +f x]
J dx
(a+asinfe+fx])’Vc-cSinfe+fx]

Optimal (type 3, 174 leaves, 6 steps):
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(A+B) ArcTanh | ——cCoslerfxl
V7 Jccsinfefx) (A+B) Sec[e+fx]/c-cSin[e+fx]
4~2 a3+Jc f 4a’cf

(A+B) Sec[e+fx]3 (c-cSinfe+fx])*? (A-B)Sec[e+fx]® (c-cSin[e+fx])*?

6a>c?f 5a3c3f

Result (type 3, 204 leaves):
1

60 a3 f (1+Sin[e+~Fx])3\/c—cSin[e+Fx]

(e+fx)]

Cos[% (e+-Fx)] —Sin[%

(Cos[% (e+-Fx)] +Sin[§ (e+fx”

[12 (-A+B) -10 (A +B) (Cos[l (e+fx)] +Sin[l (e+fx)]
2 2

15 (A +B) (Cos[% (e+fx)] +Sin[§ (e+fx>])4— (15+151) (-1)** (A+B)
ArcTan[(§+§] (-1)* (1+Tan[i<e+fx)] ] Cos[i<e+fx)]+sin[§(e+fx)} 5]

Problem 129: Result unnecessarily involves imaginary or complex numbers.

J A+BSin[e+fXx] dx
(a+asinfe+fx])> (c-cSinfe+fx])>?

Optimal (type 3, 224 leaves, 7 steps):

(7A+3B) ArcTanh| ¢ Cos[e+fx]

A2 \/c-cSinfe+fx] }
N
162 ac¥?f
(7A+3B) Cos[e +fX] (7A+3B) Sec[e + fx]

16a*f (c-cSinfe+fx])>? 12a3cf+/c-cSin[e+fx]

(7A+3B) Sec[e+fx]>Vc-cSin[e+fx] (A-B) Sec[e +fx]® (c—cSin[e+1‘:x1)3’/2

30a3c?f 5a3c3f

Result (type 3, 357 leaves):
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1

240 a3 (1+Sin[e+fx})3 (c—cSin[le-Fx])B/2

(Cos[1 (e+fx)] —Sin[1 (e+fx)]

(Cos[1 (e+fx)] +Sin[1 (e+fx)]

2 2 2 2
2
{—40ACos[e+-Fx]2+24(—A+B> Cos[l<e+fx)]—sin[l(e+-FxH -
2 2
1 . 1 2 1 . 1 4
30(3A+B) Cos[f(eJr-FxH—Sln[f(e+-Fx)] Cos[f(e+Fx”+Sln[7<e+-Fx)] +
2 2 2 2

5

15 (A +B) (Cos[% (e+fx)] —Sin[% (e+fx)]

(Cos[% (e+fx)] +Sin[§ (e+fx)]
]

(15+151) (-1)** (7A+38) Ar‘cTan[(%+ %] (-1)*

1+Tan[i (e+fx)]

5
+

(Cos[%(ewa)]—Sin[l(e+-FxH (e+fx)]

2

Cos[% (e+Fx)] +sin]

N |

30 (A+B) Sin]| (e+fx)} Cos| (e+~FxH+Sin[ <e+-Fx)]

N | =

w
~

N |
N |

Problem 130: Result unnecessarily involves imaginary or complex numbers.

dx

A+BSin[e + fx]
j 5/2

(a+aSin[e+1‘:x])3 (c-csinfe+fx])

Optimal (type 3, 258 leaves, 8 steps):

7 (9A+ B) Achanh{ c Cos[e+fx]

V2 +/c-cSin[e+fx] } 7 <9A+B) Cos[e+fXx]
+

+

128+/2 a3 c5/2 f 128a%cf (c-cSin[e+fx])>?
7 (9A+B) Secle+fx] 7 (9A+B) Sec[e+fx]
240a3cf (c—cSin[e+-Fx])3/2 796a3c2F\/c—cSin[e+'Fx}
(9A+B) secle+fx]3 (A-B) Sec[e+Ffx]5+c-cSin[e+fx]
30a3c2f+/c-cSin[e+fx] 5a*cf

Result (type 3, 479 leaves):
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1

1920 a3 f (1+Sin[e+-Fx])3 (c—cSin[e+-Fx])5/2

(Cos[1 (e+fx)] —Sin[1 (e+fx)]

(Cos[1 (e+fx)] +Sin[1 (e+fx)]

2 2 2 2
4
{—720ACos[e+-Fx]4+96(—A+B) Cos[l(e+-FxH—Sin[1<e+-Fx)] +
2 2
1 o1 4 1 1 2
80(—3A+B) Cos[f(e+fx>]—51n[7(e+fx)] Cos[f<e+fx)]+51n[7(e+1cx” +
2 2 2 2

5
+

60 (A +B) (Cos[% (e+fx)] —Sin[% (e+fx)]

(Cos[% (e+fx)] +Sin[§ (e+fx)]

15 (15A+7B) (Cos[1 (e+Fx)] —Sin[i (e+fx)] ’

N Cos[i(e+-Fx)]+Sin[1(e+-FxH)5

2
]

5
+

1+Tan[i (e+fx)]

(165+1051) (-1)** (9A+B) Ar‘cTan[(% ¥ %] (-1)%*

Cos[l (e+fx)] +Sin[l (e+fx)]

(Cos[l(emcx)]—sin[l(e+fx)} A A

2 2

5
+

120 (A +B) Sin|

N |

(e+Fx)] Cos[% (e+fx)] +Sin[§ (e+Fx)]

Cos[l (e+fx)] —Sin[1 (e+fx)] ’

30 (15A+7B)
2 2

Cos[l (e+fx)] +Sin[1 (e+fx)]

Sin[l(eﬂcxﬂ A A

2

)

Problem 135: Result unnecessarily involves imaginary or complex numbers.

dx

J\/a+asin[e+1:x1 (A+Bsin[e+fx])

vc-cSinfe + fx]

Optimal (type 3, 100 leaves, 5 steps):

a (A+B) Cos[e+fx] Log[1l-Sin[e+fx]] aBCos[e+fX] vc-cSinfe + f x]

- +

fa+asSin[e+fx] v/c-cSinfe+fx] cfa+asSin[e+fx]

Result (type 3, 133 leaves):

|

Cos{l (e+fx)] —Sin[l (e+fx)]

Ja (1+sinfe+fx])
2 2

(2i (A+B) ArcTan[e® ®*F ]+ (A+B) (-ifx+Log[l+e?® ®F]) +BSin[e+fx])
\ |

Problem 136: Result unnecessarily involves imaginary or complex numbers.

/

Cos[% (e+fx)] +Sin[§ (e+fx)]

vJc-cSin[e + f£x]

J\/a+asin[e+fx} (A+Bsin[e+fx]) 4
X

(c-csinfe+fx])>?
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Optimal (type 3, 99 leaves, 5steps):

a (A+B) Cos[e+fX] aBCos[e+fx]Log[l-Sin[e+fx]]

+

f+/a+aSin[e+fx] (c—cSin[e+-Fx])3/2 cfva+asSin[e+fx] c-cSinf[e+ fx]

Result (type 3, 177 leaves):

Cos[% (e+Fx)] —Sin[i (e+fx)]

Ja(1+Sinfe+fx]) (-A-B+iBfx-Blog[1+el (0],

/

2iBArcTan|e' ®F¥ ] (~1+Sinfe+fx]) +B (-ifx+Log[l+e’" ®F¥])sin[e+fx])

(c-F (Cos[1 (e+fx)] +S.in[1 (e+-FxH) (-1+Sinfe+fx])/c-cSinfe+fx]
2 2

Problem 158: Result more than twice size of optimal antiderivative.

j(a+asin[e+fx])5/2 (A+BSin[e+fx])

dx
(c-csinfe+fx])™?

Optimal (type 3, 146 leaves, 3 steps):

(A+B) Cos[e+fx] (a+aSin[e+fx])*?

+

10 f (c—cSin[eJr-Fx])ll/2

(A-4B) Cos[e+fx] (a+aSin[e+fx])*?

+

(A-4B) Cos[e+fx] (a+aSin[e+fx])*?

40 cf (c—cSin[e+fx])9/2 240 c? f (c—cSin[e+Fx])7/2

Result (type 3, 348 leaves):

[4 (A+B)

[_w

((AZB)

[f

((A+SB)

o

B (Cos[i (e+Fx)] —Sin[i (e+fx)])7 (a(1+sinfe+fx]))*?

Cos[% (e+fx)] 7Sin[§ (e+Fx)]

(a (1+Sin[e+fx]))5/2)/

5
Cos,[1 (e+fx)] +Sin[l (e+fx)] (c—cSin[e+fx])11/2) .
2 2

Cos[% (e+Fx)] 7Sin[§ (e+Fx)] ’ (a (1+Sin[e+fx]))5/2]/

5
Cos[l (eJﬂcX” +Sin[1 <e+-Fx)] (ccSin[eJrFx])ll/z) +
2 2

5

(a (1+Sin[e+1‘x]))5/2)/

Cos|

(e+fx)]-sin[= (e+fx)]

N |
N |

5

Cos[i (e+fx)] +Sin[% (e+fx)]

(ccSin[eﬂcx])ll/z) -

2 f (Cos[i <e+-Fx)] +Sin[§ (e+-Fx>”5 (c—cSin[eJr-Fx})ll/2
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Problem 160: Result more than twice size of optimal antiderivative.

J(a+aSin[e+-Fx])7/2 (A+BSinfe+fx]) (c—cSin[eJr-Fx})g/zdlx

Optimal (type 3, 250 leaves, 5 steps):
a* (9A-B) Cos[e+fx] (c—cSin[e+-Fx})9/2

315f+/a+aSin[e+ fx]

a®> (9A-B) Cos[e+fx]VaraSin[e+fx] (c-cSin[e+fx])"?
126 f .
a? (9A-B) Cos[e+fx] (a+aSin[e+fx])>? (c-cSin[e+fx])%?
84 )
a (9A-B) Cos[e+fx] (a+aSin[e+-Fx])5/2 (c:—cSin[eJr-Fx])g/2
72 ¢ .
BCos[e+fx] (a+aSin[e+fx])”? (c-cSin[e+fx])%?

9f

Result (type 3, 870leaves):
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(7 (A-B) Cos[2 (e+fx)] (a(1+Sin[e+fx]))"? (c—cSin[eJr-Fx])g/z)/

Cos[l(e+fx>]—sin[ ’ (e+fx)]+sin[§(e+fx”

[128~F A (e+fx)]

Cos|

3

N |

N |

(7 (A-B) Cos[4 (e+-Fx)] (a (1+Sin[e+fx]))7/2 (c—cSin[e+-Fx])9/2)/

[256f cos [ (e + ]| -sin[ > [erx)] i cos > (e )] +sin[ (e x| ]
((A-8) cos[6 (e+x)] (a(1+Sinfe«FxI)]"? (c-cSinfe+Fx])*2) /
[128-F Cos[i(e+fx)]7$in[§(e+-Fx)] i Cos[i(e+fx)]+$in[%(e+fx” 7]+
((A-B) cos[8 (e+fx]] (a(1+Sinfesfx]))" (c—cSin[e+-Fx])9/2)/
[mzu cos > e x)] -sin (e~ Fx]] ’ cos [~ (e )] -sin[ (e Fx]] 7]+
(7 (10a-8) sinfe~x] (a (1+Sinfe-£x]))7/? (c-cSinfe+Fx])*?) /
[mf Cos[%(e+fx)]—$in[%(e+1:x)] ’ Cos[%(e+fx)]+$in[%(e+1‘x” 7]+

( (a(1+Sinfe+fx]))”? (c-cSin[e+fx])*?sin[3 (e+fx)”/

A
64 f (Cos[% (e+fx)] —Sin[l

A (e+fx”)9 (Cos{% (e+fx)] +Sin[% (e+fx)]

]
]
]
}

( 7A+2B) (a( +Sinfe+fx]))”? (c-csinfe+fx])*?sin[5 (e+fx)”/

’ Cos[l (e+fx)] +Sin[l (e+fx)]

Cos |~ e+fx>]—Sin{l(e+Fx)] A A

2

(4 B) (a ( +Sinfe+fx]))”? (c-cSin[e+fx])¥?sin[7 (e+fx)})/

’ Cos[l (e+fx)] +Sin[1 (e+fx)]

1792 f Cos e+fx)]—Sin[l(e+fx>]
2 2

2

|
(
[3291:
|

( (a (1+Sln[e+fx])>7/2 (c-csinfe+fx])*?sin[9 (e+fx”)/

’ Cos[l (e+fx)] +Sin[1 (e+fx)]

Cos[l(eﬂcx)]—sin[l(e+fx>] A A

{2304 f
2 2

Problem 170: Result more than twice size of optimal antiderivative.

J(a+asin[e+fx])7/2 (A+BSin[e+fx]) 5
X

(c-csinfe+fx])™?

Optimal (type 3, 96 leaves, 2 steps):

7/2 7/2

(A+B) Cos[e+fx] (a+aSin[e+fx]) (A-9B) Cos[e+fx] (a+aSin[e+fx])

+

10 f (c-cSinfe+fx])*? 8ocf (c-csSinfe+fx])*?

Result (type 3, 434 leaves):
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s Cos[%(ewa)]—Sin[%(e+-Fx)] (3 (1 sinte£x1))"7| /
s¢ [cosl 2 (er )] sinl > e fx] ] (c-csiniern) 2
[(-3a-58] [cos[ (e fx)] -stn[ 2 (er7x)]| (o (Lostnienx])2)| /
[f Cos[%(e+fx”+sin[§<e+fx)] 7(ccSin[e+Fx])n/2J+
2 (av38) [cos[ (e x| -stn[ 2 (er7x)]| (o (1o stntenx)) 2] /
#[cosl (e fx) ] ostn[ > (erx)]| (c-esinge s £x)) 2
((A7B) COS[%(eJr-Fx)]—Sin[i(e+-Fx>] "(a (1+Sin[e+fx]>)7/2]/
2¢ [cos[ > (erx) ] osinl (e fx] ] (cocsinienfx) ) -

B (Cos[i (e+Fx)] —Sin[i (e+fx)])9 (a(1+sinfe+fx]))7?

f (Cos[% (e+-FxH +Sin[i <e+Fx)])7 (c—cSin[e+-Fx])11/2

Problem 171: Result more than twice size of optimal antiderivative.

J(aJraSin[eﬂ‘:x])”2 (A+BSin[e+fx]) 5
X

(c-csinfe+fx])¥?
Optimal (type 3, 146 leaves, 3 steps):

(A +B) Cos[e +fx] <a+aSin[e+-Fx})7/2

N
12 f (c-cSinfe+fx])¥"?

(A-5B) Cos[e+fx] (a+aSin[e+-Fx])7/2 (A-5B) Cos[e+fx] (a+aSin[e+-Fx])7/2

.
60 cf (c-cSinfe+fx])™? 480 c2 f (c-csinfe+fx])%?

Result (type 3, 442leaves):
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[4(A+B) COS[%(ewa)]—Sin[%(e+-Fx)] (a (1+Sin[e+fx]))7/2)/
[31‘ Cos[%(e+fx)}+sin[§(e+fx)] 7(c—cSin[e+fx])13/2)_

(4 (3A+58) (Cos[%(e+fx)]—51n[§ (e+fx)] 3(a (1+Sin[e+fx]))7/z)/
[Sf Cos[i(e+fx”+51n[§<e+fx)] 7(C—CSin[e+fX])13/2 .

(3 (A+38B) Cos[%(em‘x)]fsin[%(e+1‘x” 5<a (1+Sin[e+fx])>7/zJ/
[Z-F Cos[%(e+fx”+sin[%(e+fx)] 7(c—cSin[e+fx])13/2 +
((A7B) COS[%(eﬂcx)]fSin[i(e+fx>] 7(a (1+Sin[e+fx]))7/2]/
{31: Cos[i(e+fx)}+sin[%(e+1=x)] 7(c—csin[e+1‘:x])13/2)+

B (Cos[i (e+Fx)] —Sin[i <e+fx)])9 (a(1+sinfe+fx]))7?

2f (Cos[i <e+-Fx)] +Sin[i (e+-Fx)”7 (c—cSin[e+1=x})13/2

Problem 172: Result more than twice size of optimal antiderivative.

J(aJraSin[eﬂ‘:x])”2 (A+BSin[e+fx]) 5
X

(c-csinfe+fx])*?

Optimal (type 3, 202 leaves, 4 steps):
(A +B) Cos[e +fx] <a+aSin[e+-Fx})7/2 (3A-11B) Cos[e+fx] (a+aSin[e+-Fx})7/2
+

.
14 f (c-cSinfe+fx])¥? 168 cf (c-cSin[e+fx])"?

(3A-11B) Cos[e+fx] (a+aSin[e+-Fx])7/2 (3A-11B) Cos[e+fx] (a+aSin[e+1:x})7/2
+

840 c2 f (c-cSinfe+fx])? 6720 > f (c-cSinfe+fx])*?

Result (type 3, 442leaves):
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s (ave) [cos > (e )] -sin[ > (e £x)]| (a (1osintex1))"] /
[71: cos > (e ]| -sin[ (e Fx]] 7(c—cSin[e+fx])15/2)_

2 (2ne58) (cos[ > (ee )] -sin[ e x]]) (a (1esinte s 1] )] /
[Bf cos > (e ]| -sin[ (e Fx] ] " (c-csinferfx])®2]

6 (a+38) [cos[ (e x) ] -stn[ 2 (er7x)]| (s (1o stnenx))2)] /
s¢ [cosl > (er )] esinl e fx] ] (cocsinienn)®?) -
((A7B) Cos[%(eﬂcx)]fsin[i(e+-Fx)] "(a (1+Sin[e+fx]>)7/2]/
a8 [cos[2 e x) ] ostn 2 (er )| feocsinien a2

B (Cos[i (e+Fx)] —Sin[i <e+fx)])9 (a(1+sinfe+fx]))7?

3fF (Cos[t (e+Ffx)]+Sin[L (e+fx ’ c-cSinfe+fx])¥2
2 2

Problem 176: Result unnecessarily involves imaginary or complex numbers.

dx

J<A+Bsin[e+fx]) c-cSinfe + fx]

va+aSinfe + fx]

Optimal (type 3, 96 leaves, 5steps):

(A-B) cCos[e+fx] Log[l+Sin[e+fx]] BCos[e+fXx] Jc-cSinfe + fx]

f+a+asSin[e+fx] Vc-cSinfe+fx] f+/a+asin[e+fx]
Result (type 3, 136 leaves):

Cos{% (e+fx)] +Sin[% (e+fx) |

(-21 (A-B) ArcTan[e* ¢F¥ | + (A-B) (—J’l*Fx+Log[1+e“(e+fX |) +BSin[e+fx])

/(f(Cos[§<e+fx)]—Sln (e+fx)

vc-cSinfe + fx] \/a 1+Sinfe+fx])

Problem 183: Result unnecessarily involves imaginary or complex numbers.

J(A+Bsin[e+fx]) vJc-cSinfe + fx] 4
X

(a+asinfe+fx])>?
Optimal (type 3, 100 leaves, 5 steps):
(A-B) cCos[e+fx] BcCos[e+fx] Log[l+Sin[e+fx]]

- +

f (a+aSin[e+-Fx])3/2\/c—cSin[e+-Fx} af+va+aSin[e+fx] Vc-cSin[e+fx]
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Result (type 3, 161 leaves):

Vc-cSinfe+fx] (-A+B-iBfx+Blog[l+e®! (®F¥ ],

Cos{% (e+fx)] +Sin[% (e+fx) |

B (-ifx+Log[l+e®* ®F¥])sinfe+fx]-21iBArcTan|e! ¢ F¥] (1+Sin[e+Fx]))]/

(e+'FXH (a (1+Sin[e+-Fx])>3/2

Cos|[= (e+fx) | -sin|

N |

(f

N |

Problem 195: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+asin[e+Fx])"‘ (A+BSin[e+fx]) (c-cSinfe+fx])"dx

Optimal (type 5, 174 leaves, 5steps):
[Zi*nc (B(m-n)+A(1+m+n)) Cosle+fx]

1 (1—2n>,l(3+2m), (1+sinfe+fx])]
2 2
2 (a+aSin[e+fx])m(c—cSin[e+-Fx])’1*”J/(f (1+2m) (L+m+n)) -

N |
N |

Hypergeometric2F1[ = (1+2m),

(1-sin[e+fx])

BCos[e+fx] (a+asSin[e+fx])" (c-cSinfe+fx])"

f (1+m+n)

Result (type 6, 15882 leaves):

- 41*“(3+2n>Cos[£(—e+£—fx)}72msin{£(—e+£—fx)}72n(a+aSin[e+fX])m
2 2 2 2
. n 1 s 2m . 1 7T 2n
(c-csinfe+fx]) ACos[—(—e+——fXJ] Sln[—[—e+——fx)] +
2 2 2 2
BCos[l(—e+£—fx)}zmsin{l(—e+£—1°x)]2nsin[e+fx1
2 2 2 2
Tan[% [-e+Z - fx M1 Tan[t (e o£x)]7)""
Tan[l(—e+£—fx} [4( 2 )] [4( 2 )]

4 2 1+Tan[l(—e+l—fx)}2 1+Tan[l(—e+5—-Fx)]2

4 2 4 2

1 3 1 7T 2
- AAppellF1[7+n, -2m,1+2 (m+n), —+n, Tan[f [—e+f—fx)} R
2 2 4 2

)/

1 3 1 7T 2
—(3+2n)AppellF1[7+n, -2m,1+2 (m+n), —+n, Tan[~ |-e+ —-fx|],
2 2 4 2

7
-e+ —-Ffx

—Tan[1 [—e+£—fx)]2} (1+Tan[i

4 2

1 s 2 3
—Tan[f(—e+f—fx ] ]+2 2mAppe11F1[;+n,1—2m,1+2(m+n),
4 2
5 1 7T 2 1 7T 2
= 4n, Tan[f (—e+f—fx } ,—Tan[f(—eJrf—-Fx ] ]+<1+2m+2n>
2 4 2 4 2
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3 5 1 7T
AppellF1[=+n, -2m, 2 (1+m+n), —+n, Tan[~ (—e+——-Fx)} s
2 2 4 2
1 T 2 1 Tt 2
~Tan| = [—e+——fx ] })Tan[— (—e+——fx ] ] -
4 2 4 2
1 3 1 7T 2
(BAppellF1{7+n, -2m, 1+2 (m+n), —+n, Tan|— (—e+f—-Fx 1%
2 2 4 2
1 7t 2 1 7 2)2 1
~Tan|[ = [-e+ = -fx|]|"] (1+Tan[7(—e+f—fx ] ) J/[<3+2n) AppellF1[ = +n,
4 2 4 2 2

3 1 7T 2 1 7T 2
-2m,1+2 (Mm+n), —+n, Tan{—(—e+——fx)] , -Tan[~ [—e+——fx)} |+
2 4 2 4 2
3 5 1 7T 2
2 2mAppe11F1[7+n,1—2m,1+2(m+n>, — +n, Tan[f[—e+f—fx)] R
2 2 4 2
1 T 3
—Tan[f[—eJrf—-Fx)] }+(1+2m+2n)AppellF1[7+n, -2m, 2 (L+m+n), —+
4 2 2 2
1 7T 2 1 7 2 1 7T 2
n,Tan[f —e+f—Fx},—Tan[f —e+f—-Fx] }]Tan[f —e+f—fx}]+
4 2 4 2 4
1 3 1 s 2
(SBAppellFl[—Jrn, -2m, 3+2 (m+n), —+n, Tan[— -e+ —-fx ] R
2 2 4 2
1 7 2 1
7Tan[—[7e+—ffx ] }]/((3+2n)AppellF1[—+n,72m,
4 2 2
3 1 Tt 2 1 Tt 2
342 (M+n), —+n, Tan[—(7e+—ffx |%, -Tan| = (7e+—7fx 1] -
2 4 4 2

2

2 4

3 5 1
2mAppellF1[=+n, 1-2m, 3+2 (m+n), —+n, Tan|
2

—_—

7T 2
—e+——'Fx)],
2

1 7T 2 3 5
~Tan[~ [—e+——fx)] ]+ (3+2m+2n) AppellF1[=+n, -2m, 2 (2+m+n), =+
4 2 2 2
1 7T 2 1 7T 2 1 7T 2
n, Tan{f(—e+f—-Fx 1% -Tan[ = [—e+f—-Fx ] }]Tan[f [—e+f—fx ] ]+
4 2 4 2 4 2
1 3 1 s 2
(SBAppellF1[7+n, -2m, 2 (1+m+n), ~+n, Tan[~ (—e+f—fx 1%
2 2 4 2
1 7T 2 1 7T 2
—Tan[*[feJrf—-Fx] }(1+Tan[* —e+ — - x])]/
4 2 4 2

1 3
(7(3+2n)AppellF1[7+n, -2m, 2 (1+m+n),
2

1 s
Tan[f [—e+f—fx
4 2

2 1 T
] ) —Tan[z (—e+f—-Fx

3 5 1 T 2
4 |mAppellF1[=+n, 1-2m, 2 (1+m+n), —+n, Tan[~ (7e+—7fx 1%
2 2 4 2
1 7T 2 3
~Tan| = [7e+—7fx)] |+ (1+m+n) AppellF1|[=+n, -2m, 3+2 (m+n), —+n,
4 2 2 2
Tan[l (—e+£—fx }2, —Tan[l [—e+ —-Fx)]z}]Tan[E (—e+f—-Fx }2])]/
4 2 4 4
3
f(1+2n) [1+Tan[l(—e+£—fx)}2] - !
4 2
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32120 (342n) Sec[1 (7e AR ] Tan[1 (7e+£7fx ]2
4 2 4 2
Tan[i(—eJr;,.FX)] 2n 17Tan[i(7e+§—1‘:x)}2 2m
1+Tan[i(—e+§—fx)}2 1+Tan[%(—e+§—1‘:x)}2
1 3 1 7T 2
(((AAppellFl[Jrn, -2m, 1+2 (m+n), —+n, Tan[f (7e+—7fx ] 5
2 2 4 2
1 7 2 1 b 2) 2
—Tan[—(feJr—ffx 1] [1+Tan[— (7e+—71‘x ] ] )/
4 2 4 2

1 3 1 7T 2
[—(3+2n)AppellF1{—+n, -2m, 1+2 (m+n), —+n, Tan|~ (—e+——1‘:x)] s
2 2 4 2

3
2mAppellF1[=+n, 1-2m, 1+2 (m+n),
2

—Tan[41 (—e+§—fx)}2} +2

}2] + (1+2m+2n)

I’

5 1 7T 2 1 s
=+n, Tan[~ (—e+f—-Fx |5 -Tan[ = (—e+f—-Fx
2 4 2 4 2

JU
(—e+——-Fx
2
)
1 3 1
BAppellF1| =~ +n, -2m, 1+2 (m+n), —+n, Tan|[~ (7e+—7Fx
2 2 4 2

el

1 3 1
7(3+2n) AppellFl[ern, -2m,1+2 (m+n), —+n, Tan[f -e+ —-fx
2 2 4 2

DR

3 5
AppellFl[=+n, -2m, 2 (L4m+n), =+n, Tan|
2 2

]2]] Tan[i [—e+§—fx

[—

1
—Tan[f (—e+I—Fx
4 2

|

I

—Tan[i (—e+§—fx)]2] [1+Tan[

1
4

I’

—Tan[l

3
- 2mAppe11F1[7+n,1—2m,1+2(m+n),
4 2

7T 2
e+ —-f 2
e JINE

7
-e+—-fx

5 }2]+(1+2m+2n)

]2, —Tan[

R

5 1 7
—+n, Tan[— (—e+——-Fx
2 4 2

JT

3 5 1
AppellFl[=+n, -2m, 2(1+m+n, +n, Tan| = ( e+ —-fx
2 4

2
2 I

)
—Tan[i(—e+§—fx) JTan i[ e+§—fx] J [88Appe11F1{%+n,
I—Fx)] —Tan[i[ e+§—fx)}2})/

—e+z—fx)}2,
2

3 1
-2m, 3+2 (M+n), —+n, Tan{—(—
4

2 2

1 3 1
[(3+2n) AppellF1[=+n, -2m, 3+2 (m+n), —+n, Tan|~
2 2 4

3
2mAppellF1[=+n, 1-2m, 3+2 (m+n),
2

—Tan[jiL (—e+§—fx)}z} -2

5 1 7 2 1 7T 2
= +n, Tan[f(—e+f—-Fx 1% —Tan[f(—e+f—-Fx 1"]+(3+2m+2n)
2 4 2 4 2
3 5 1 7T 2
AppellF1[ = +n, -2m, 2 (2+m+n), —+n, Tan[f(—eJrf—-Fx 1%
2 2 4 2
1 Tt 2 1 T 2
7Tan[—(7e+—ffx ] ]JTan[— [7e+—7fx ] J+
4 2 4 2
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1 3 1 7T
(SBAppellFl[—+n, -2m, 2 (1+m+n), =+n, Tan| = (—e+——fx)} s
2 2 4 2
—Tan[l (—e+£—fx)]2] [1+Tan[l (—e+£—fx)}2])/
4 2 4 2
1 3 1 s 2
[—(3+2n)AppellF1{—+n, -2m, 2 (1+m+n), =+n, Tan| = (—e+——fx)] s
2 2 4 2
1 7T 2 3
~Tan[~ (—e+;—fx)} | +a mAppellFl[;+n,1—2m,2(1+m+n),
4
5+n, Tan[l(—e+£—fx]]2, —Tan[l(—e+£—fx)}2]+
2 4 2 4 2
3 5 1 7T 2
(1+m+n)AppellF1[7+n, -2m, 3+2 (m+n), —+n, Tan[ = [—e+f—fx 1%
2 2 4 2
1 s 2 1 7T 2
—Tan[f(—e+f—1:x ] ]]Tan[f [—e+f—-Fx ] J]+
4 2 4 2
! 34” (3+2n) Sec[l(—e+z—fx }2
(1+2n) (1+Tan[i(—e+§—fx)]2) 4 2
Tan[%(—e+§—fx)} 2
1+Tan[i(—e+§—fx)]2
s 242
1—Tan[i(—e+;—fx)] "
1+Tan[i(—e+§—fx)]2
1 3 1 Tt 2
[—({AAppellFl[—+n, -2m, 1+2 (m+n), —+n, Tan| = (—e+——fx 1%
2 2 4 2
2
—Tan[1 (—e+z—fx)}2} (1+Tan[1 (—e+£—fx]]2) ]/
4 2 4 2
1 3 1 T 2
(—(3+2n)AppellF1[—+n, -2m, 1+2 (m+n), —+n, Tan| = (—e+——fx 1%
2 2 4 2

3
[] +2 [2mAppellF1[~ +n, 1-2m, 142 (m+n),
2

1 s
~Tan|~ (7e+—7fx
4 2

}2, ~Tan| [7e+§71‘x ]2] +(1+2m+2n)

» R

5 1 Vs
= +n, Tan| = (7e+—7fx
2 4 2

3 5 1 7T 2
AppellF1[=+n, -2m, 2 (1+m+n), —+n, Tan[ = (—e+——fx)} ,
2 2 4 2
2
)

1 3 1 T
BAppellF1[=+n, -2m, 1+2 (m+n), —+n, Tan|~ [—e+f—-Fx
2 2 4

}Z}JTan[i (7e+§71‘x

1 Tt
~Tan| = (7e+—7fx
4 2

I’

)

1 3 1 7T 2
(—(3+2n) AppellFl[;+n, -2m, 1+2 (m+n), —+n, Tan|~ [—e+——fx)} s

1 7T 2 1 7T
—Tan[f —e+f—fx)] }(1+Tan[7(—e+f—fx
4 2 4 2

2 4 2

1 3
~Tan[~ (—e+£—fx)]2] +2 [2mAppellF1[ = +n, 1-2m, 1+2 (m+n),
2

4 2
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E+n, Tan[l(—e+£—fx)}2, —Tan[l(—e+£—fx]]2]+(1+2m+2n)
2 4 2 4 2
3 5 1 7T 2
AppellF1[ = +n, -2m, 2 (1+m+n), =+n, Tan|— (—e+f—-Fx 1%
2 2 4 2
1 7T 2 1 2
~Tan|~ [7e+—7-Fx)} })Tan[—(7e+—ffx ] ]Jr
4 2 4
1 3 1 7T 2
[8BAppellF1[7+n, -2m, 3+2 (m+n), —+n, Tan[f (7e+*—fx ] B
2 2 4
1 7T 2
ran( (e Z-ex]]7]] /
an[4 e+2 x)] }]
1 3 1 7T 2
((3+2n) AppellFl[ = +n, -2m, 3+2 (m+n), —+n, Tan[~ |[-e+ —-Ffx|]|",
2 2 4 2

1 TT 2 3
~Tan| > (7e+—7fx 1] -2 2mAppellF1[;+n, 1-2m,3+2 (m+n),
4 2
5 1 7T 1 Tt 2
~+n, Tan|~ (7e+—7fx ] ,7Tan[—(7e+—ffx "]+ (3+2m+2n)
2 4 2 4 2
3 5 1 7T
AppellF1[=+n, -2m, 2 (2+m+n), —+n, Tan[~ (—e+——fx)} s
2 2 4 2
1 7T 2 1 7T 2
~Tan[~ (—e+f—fx)} })Tan[f(—eJrf—fx)} ]+
4 2 4 2
1 3 1 s 2
[8BAppellF1[7+n, -2m, 2 (1+m+n), —+n, Tan[f (—e +—-fx|],
2 2 2

s
e+ —-fx
2

P [oronly (o 5517/

1 1
(—(3+2n)AppellF1[7+n, -2m, 2 (1+m+n), 7+n Tan[f( e+f—-Fx
2 4

—Tan[41 [—

Tt

3

1 2
—Tan[f(—eJrf—-Fx "] +a mAppellFl[;Jrn,1—2m,2(1+m+n),
4 2
5 1 T 2 1 7 2
—+n, Tan[f (—e+f—1cx } ,—Tan[f(—eJrf—-Fx ] ]+
2 4 2 4 2
5 1 2
(1+m+n) AppellF1[=+n, -2m, 3+2 (m+n), —+n, Tan[—(7e+—ffx ]
2 4
1 7 2 1 7T 2
~Tan| = (—e+f—fx)} })Tan[f( e+ —-fx|| ]J+
4 2 4 2
! 323+2n (3 Zn)Tan[l(—eJrf—-Fx]
(1+2n) (1+Tan[l(—e+ —Fx)]z) 4
Tan[i(—e+72l—-FxH “hen
1+Tan[i(—e+§—fx)]2
1—Tan[i(—e+§—¥x)]2 am
1+Tan[i(—e+§—fx)]2
Sec[l(7e+§ffx)]2Tan[i—(7e+§7fx)} ) Sec[l(feJr—ffx)]2
2(1+Tan[i(—e+§—fx)]2)2 4(1+Tan[ (—e+§—fx>]2)
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1 3 1 7 2
[({AAppellF1[+n, -2m,1+2 (m+n), —+n, Tan| =~ (7e+—7-Fx 1%
2 2 4 2
1 7 2 1 T 2)2
~Tan| = [—e+——fx 7] (1+Tan[—(—e+——fx ] ) ]/
4 2 4 2

I,

1 3 1 n
- (3+2n) Appe —+n, -2m, 1+ m+n), —+n, Tan|— |-e+ — -fXx
((32)A 11F1] 2m, 1+2 (m+n) Tan| [ f
2 2 4
7] 2

2
5 1 7T
—+n, Tan[f (—e+f—-Fx
4

1 7T
—Tan[f (—e+f—Fx
4 2

3

2mAppellF1[7+n, 1-2m,1+2 (m+n),
2

2

},—Tan[

2 2

[,e+57fx [*]+ (1+2m+2n)

DR

2
3 5 1 7T 2
AppellFl[—+n, —2m,2<1+m+n), —+n, Tan[— e+ —-fx } ,
2 2 4 2
1 Tt 2 1 7T 2
—Tan[f[—e+f—fx} })Tan[f(—e+f—fx}] -
4 2 4 2
1 3 1 Tt 2
[BAppellFl[—+n, -2m, 1+2 (m+n), —+n, Tan| = [—e+——fx 1%
2 2 4 2
2
—Tan[1 [—e+z—fx)]2} (1+Tan[1 (—e+£—fx]]2) ]/
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Problem 196: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a+aSinfe+fx])" (A+BSin[e+fx c-cSinfe+fx])3dx
J( fe+fx])" fe+fx]) | fe+x])

Optimal (type 5, 145leaves, 5 steps):
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éz%ma“c?’ (B(3-m) -A(4+m)) Cosle+fx]’
7Ff (4+m)
, 7 1 9 1 , . .
Hypergeometric2F1[—, —-m, =, = (1-Sin[e+fx])] (1+Sin[e+fx])2
2 2 2 2

wn @ Bc3Cosfe+fx]’ (a+aSin[e+fx])’3*m
(a+asinfe+fx]) "

f (4 +m)

Result (type 6, 31879 leaves): Display of huge result suppressed!

Problem 197: Attempted integration timed out after 120 seconds.

J(a+a$in[e+fx])"‘ (A+BSinfe+fx]) (c—cSin[e+fx])2d1x

Optimal (type 5, 145leaves, 5steps):
;Z%mf c>(B(2-m) -A(3+m)) Cos[e+fx]>
5f (3+m)

1 7 1 . . Lom
,—-m, —, & (1—Sln[e+fx])] (1+sinfe+fx]):
2 2 2
a?Bc?Cos[e+fx]°> (a+aSin[e+-Fx])’2”"

-F(3+m)

Hypergeometric2F1 [

N U

(a+aSin[e+fx])’3*m—

Result (type 1, 1leaves):

PP

Problem 198: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+asin[e+fx])"' (A+BSin[e+fx]) (c-cSin[e+fx]) dx

Optimal (type 5, 139 leaves, 5steps):

1
3fF (2+m)
o . 3.1 5 1 ,
2:"a’c (B (1-m)-A(2+m)) Cos[e + f x] > Hypergeometric2F1[ =, = -m, =, — (l—Sln[e+-Fx1H
202 202
BcC f 3 Si f -1+m
(1+Sinfe+fx]):™" (a+aSin[e+fx])*2+m,a cCosfe+fx]* (a+asinfefx]]
-F<2+m>

Result (type 5, 460 leaves):
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Problem 199: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+asin[e+Fx])"‘ (A+BSin[e+fx]) dx

Optimal (type 5, 117 leaves, 3 steps):

BCos[e+fx] (a+aSin[e+fx])" 1 e
— —_ 2
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N W
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N |
N |
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) )

Result (type 5, 295 leaves):
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Problem 200: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+asinfe+fx])" (A+BSin[e+fx])
j dx
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Problem 202: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+asinfe+fx])" (A+BSin[e+fx])
J dx

(c-csinfe+fx])?
Optimal (type 5, 148 leaves, 5steps):

! 2 (A (2 m) B (3 m)) Hyper eometr‘icZFl{ > 1 m 3
_—F 22 _ _ + - _ =
5a2c3f (2-m) yPere 272 7 2

)

N |

(1—Sin[e+1‘x])]

BSec[e+fx]® (a+aSin[e+fx])>"

1
Secle+fx]° (1+Sin[e+fx])2" (a+aSin[e+Ffx])*™
+ ( + + )2 ( + + ) + g <2_m>

Result (type 6, 34 716 leaves) : Display of huge result suppressed!

Problem 203: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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dx
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Problem 204: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

dx
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2 4 2

}2] + (Appe11F1[2+2m, 2m, 2, 3+2m,

1 7T
1-Tan[~ (—e+——-Fx
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mAppellF1[2+2m, 1+2m, 1, 3+2m, — [1—Tan{f (—e+f—-Fx ] ], 1-
2 4 2
1 7T 2 1 7T 2
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+
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4 2 4 2

Tt 1 Tt

2 2 2

NN
|
_h
X
R
N
-

\ECOS{E(— —Fx)} " ZB(— Sin[l(— —Fx)]—
1+2m 2 2
1 T -1-2m ., 1 s
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4 2 4 2 4 2
1 Tt 2
(2( 2 (1+m) AppellF1[1+2m, 2m, 1, 2+2m, —(1—Tan[;(—e+;—fx)] ),
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4
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Problem 205: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+asin[e+Fx])"‘ (A+BSin[e+fx]) (cchin[eH:XHS/zle
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Optimal (type 3, 275leaves, 4 steps):
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(16c2 (B(5-2m) ~A(7+2m)) Cos[e+fx] (a+aSin[e+fx])m\/c—csin[e+fx] )/
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((14A—358+4Am—6Bm) ((ig Cos[g(e+fx”—{§+i—) Sin[z(e+fx)] ]/
[Ei:zjis(i:?)slm) ((ii Cos[g (eﬂcx)y[ié) Sin[z(eJrfx)] )/
PRSI L L TR e LU H UL
(2+i)BC°S[Z<e+fX>7J+2(m$i)BSi“[Z<e+fXHJ

Problem 208: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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J(a+asin[e+fx})m (A+BSin[e+fx])

dx
\Jc-csinfe+fx]

Optimal (type 5, 118leaves, 4 steps):
2BCos[e+fx] (a+asSin[e+fx])"

f(1+2m) /c-cSin[e+fx]
, 1 3 1 ,
((A+B) Cos[e + f x] Hypergeometric2F1[1, —+m, —+m, — (1+Sin[e+fx])]
2 2

(a+asinfe+fx])"

/(-F(1+2m) vc-cSinfe + fx]

Result (type 6, 7013 leaves):

_

V2

Cos[% (e+fx)] —Sin[% (e+fx)]

1
(A (1+m) AppellF1[1+2m, 2m, 1, 2+2m, —

1—Tan{i (—e+§—fx)}2],

1—Tan[i (—e+§—fx]]2] Cot[i (—e+§—fx)]2 (1—Tan[

1 1
(—2 (1+m) AppellF1[1+2m, 2m, 1, 2+2m, 5 [1—Tan{; (—e+

Ny BR
—_
1)
+
|~
|
_h
>
—

2
—-Fx)r],
1 7T 2
1-Tan[~ (—e+——fx)} |+ (AppellF1{2+2m, 2m, 2, 3+2m,

4 2

l(1—Tan{1(—e+£—1:xJ]2),1—Tan{l(—e+ﬁ—1:x)}2]+
2 4 2 4 2
1 1 7T 2
mAppellF1[2+2m, 1+2m, 1, 3+2m, — [1—Tan{f (-e+——fx)} ], 1-
2 4 2
1 7T 2 1 s 2
Tan|~ [—e+f—fx)] }] (—1+Tan[7(—e+f—-Fx ] )]+
4 2 4 2
1 1
(B (1+m) AppellF1[1+2m, 2m, 1, 2+2m, N 1—Tan[z(—

7T 2
e+ —-fx } ],
2
1 7T 2 1 s 2 1 7T 2
1—Tan[f [—e+f—fx ] ]Cot[*(—eJrf—-Fx ] (1—Tan[f (—e+ -fx } ))/
4 2 4 2 4
1 1 7T 2
(72 (1+m) AppellF1[1+2m, 2m, 1, 2+2m, — [1—Tan[4 (—e+g—-Fx ] ],

1 7T
1—Tan[f (—e+f—-Fx
4 2

}2] + (Appe11F1[2+2m, 2m, 2, 3+2m,
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%[1—Tan[i (—e+§—1‘:x)]2), 1—Tan{i (—e+z—1‘:x)}2] +

mAppellF1[2+2m, 1+2m, 1, 3+2m,

N |
B

[1—Tan[

oo 1) et e )

Tan|

P

(f (1+2m) Vc-cSinfe+fx] |- 1 \/?mCos[l(—eJrz—fx)yhzm
1+2m 2 2
o1 Tt 1 T 1 s -2m
Sln[—(7e+—ffx][28 Cos[—[fe+—ffx}7Cos[—(7e+—ffx] J+
2 2 2 2 2 2
1 1 T 2
(A(1+m) AppellF1[1+2m, 2m, 1, 2+2m, N (1—Tan[z (—e+;—fx ] ),17
1 T 2 1 7T 1 Tt 2
Tan|~ (—e+——fx 7] cot[ = (—e+——fx ] (1—Tan[— (—e+——fx ] )]/
4 2 4 2 4 2
{-2 (1+m) AppellF1[1+2m, 2m, 1, 2+2m, 1

1—Tan[1 [—e+£—fx)]2],

4
1 Tt 2
1-Tan|[~ [—e+——fx)] |+ [Appe11F1[2+2m, 2m, 2, 3+2m,
2

1 1 Tt
= (1—Tan[— [—e+——fx
2 4 2

2 1 7T
] ), 1—Tan[4— (—e+;—fx

NE

1
mAppellF1[2+2m, 1+2m, 1, 3+2m, —

A (1—Tan[4l[—e+§—fx)]2],
1—Tan[i(—e+§—FxJ]Z]J (—1+Tan{%(—e+§—fx)}2] +

1
(B (1+m) AppellF1[1+2m, 2m, 1, 2+2m, —(

A 1—Tan[l [—e+ —-Fx]]ZJ, 1-

A
Tan{i(_eJrg_fx)]z]Cot{%(_e+§—fx)}2(1_Tan[%(—e+£—fXJ]2)]/

1 1 7T
[—2 (1+m) AppellF1[1+2m, 2m, 1, 2+2m, — (1—Tan[— [—e+——fx

4 2
1 7T 2
1-Tan|~— [—e+f—fx)] |+ {Appe11F1[2+2m, 2m, 2, 3+2m,
4 2

N

N
[E—
N
—
-

1 1 7T
(1—Tan[f [—e+f—fx
2 4 2

}2], 1—Tan[j'L (—e+z—fx)}2} +

2

1 1 T 2
mAppellF1[2+2m, 1+2m, 1, 3+2m, — (l—Tan[ [—e+f—fx)] J,
2 4 2
1 1 7T 2
1—Tan[7(—e+f—1:x ] ]] (—1+Tan[f (—e+f—-Fx } ]) +
4 2 4 2
! \ECOS[E(—G-%—E—'FX }Zm ZB(—*Sln[ (—e+£—-Fx ] -
1+2m 2 2 2 2
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Tan[41 [—e+§—fx)]2} Csc[i (—e+§—fx]] Sec[i (—e+§—1‘:x)]
)

1 Tt 2
1-Tan[~ (—e+——fx)] |+ (Appe11F1{2+2m, 2m, 2, 3+2m,
4 2

1 1
(2 (—2 (1+m) AppellF1[1+2m, 2m, 1, 2+2m, — (1—Tan[— (—e+
2 4

1 (1—Tan[1 (—e+£—fx)]2), 1—Tan{1 (—e+

2 4 2 4 _fXJ]2]+

(—e+ -fx]]z),
(_e+§_fx)}2})[_1+Tan[1(_e+ﬁ_fx 2)]

4 2
E

mAppellFl|{2+2m, 1+2m, 1, 3+2m,

DRy

[1—Tan[

N |

[
1
4

NN

1-Tan|

1 1 s
[B (1+m) AppellF1[1+2m, 2m, 1, 2+2m, — [1—Tan{f (—e+f—-Fx
2 4 2

1 7T 2 1 s 1 s
1—Tan[f [—e+f—fx)] }Csc[f(—e+f—fx ]Sec[f(—e+f—1:x ] /
4 2 4 2 4 2
1 1 7T 2
(2 (—2(1+m) AppellF1[1+2m, 2m, 1, 2+2m, N 1—Tan[z(—e+£—-Fx ] ),

1 7T
1—Tan[f (—e+f—-Fx

]2] + (Appe11F1[2+2m, 2m, 2, 3+2m,
4 2

NE

1 1 7
— (1—Tan[f (—e+f—fx

2 1 7T
] ), 1—Tan[f (—e+f—-Fx
2 4 2

4 2

mAppellF1|2+2m, 1+2m, 1, 3+2m,

N |

(1—Tan[

PN
|
(0]
+
N Y
|
-
x

[
1—Tan[41 (—e+§—fx)}2}) [—1+Tan[i (—e+§—fx

[A (1+m) AppellF1[1+2m, 2m, 1, 2+2m, 1 [1—Tan[

b
(7e+*7‘FX
2 2

1
4

1—Tan[i —e+§—fx)]2}Cot[i(—e+§—fx ]
Csc[i[—e+§—fx ]2[1—Tan[i(—e+§—fx }2])/

1 1 Tt
(2 (—2 (1+m) AppellF1[1+2m, 2m, 1, 2+2m, — (1—Tan[— (—e+——-Fx
2 4 2

1 7T
1-Tan|[~ (—e+——fx
4 2

]2] + (Appe11F1[2+2m, 2m, 2, 3+2m,

1 7
= (1—Tan[— (—e+——fx

. A ]2),1—Tan[l(—e+

4

JT

2

1 Tt 2
mAppellF1[2+2m, 1+2m, 1, 3+2m, — [1—Tan{— (—e+——1cx)] ),

4 2

[
50 e o )

1 1 7T 2
[B (1+m) AppellF1[1+2m, 2m, 1, 2+2m, 5 [1—Tan{; (—e+——fx)} ],

[—e+§—fx)]2} Cot[l (—e+£—fx]]

1-Tan|
4 2

SIS
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Csc[1 [—e+§—fx]]2 [1—Tan[i (_e+§—fx)}2])/

4
1 1 s 2
(2 (—2 (1+m) AppellF1[1+2m, 2m, 1, 2+2m, — (1—Tan[— (—e+——fx)] ),
2 4 2

1 Tt 2
1-Tan|~ (—e+——fx)] |+ (Appe11F1{2+2m, 2m, 2, 3+2m,
4 2

Tt

%(I—Tan[% (—e+§—1‘:x)]2), 1—Tan{% (—e+——fx)]2] +
BERNT)
]

2 1
] —(4(1+2m) AppellF1[2+2m,
2

mAppellFl|{2+2m, 1+2m, 1, 3+2m,

I

[1—Tan[

N |

[
1—Tan[4l(—e+§—fx)}z})[—1+Tan[i(—e+§—fx +

A (1+m) Cot|

7
(—e+——fx

1
4

1
2m, 2, 3+2m, ~
2

1 7T 2
Sec[f[—e+f—fx)] Tan[—(—e+
4 2 4

1 1 7T 2 1 T
- (1—Tan[— -e+ —-Ffx ] ),1—Tan[— -e+ —-Ffx ] ]+(AppellF1[2+2m,
2 4 2 4 2
1 1 7T 2 1 2
2m, 2, 3+2m, —(17Tan[— [7e+—7fx)] ],17Tan[— [7e+ -Fx|]7] +
2 4 2 4

2

[
17Tan[i [7e+§7fx)}2}) [71+Tan[1 (7e+£7fx] 2)] +

1 1 TT

mAppellF1[2+2m, 1+2m, 1, 3+2m, — [1—Tan[— (—e+——Fx
4 2
. ]

s

B (1+m) Cot | (—e+£—fx

2

1 1 s 2 1 7T 2
2m, 2, 3+2m, — 1—Tan[7(—e+f—fx ] ),1—Tan[7(—e+f—fx } ]
2 4 2 4 2
1 Tt 2 1 Tt 1
Sec[—[—e+——fx)] Tan[—(—e+——fx ] -
4 2 4 2 2 (2+2m)

1 1 T
m(1+2m) AppellF1[2+2m, 1+2m, 1, 3+2m, N l—Tan[Z[—eJr;—-Fx)] ),
1—Tan[1 (—e+ﬁ—fx ]Z]Sec[l (7e+f—~Fx } Tan[1 [—e+z—fx ]

4 2 4 4 2
1 7T 2
(1—Tan[7(—e+f—fx ] J]/(—2(1+m) AppellF1[1+2m, 2m, 1, 2+2m,
4 2
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l(l—Tan[l(—e+z—1:xJ]2),1—Tan[1 ]
2 4 2 4 2
1 1 7T 2 1 7T
2m, 2, 3+2m, 7(1—Tan[f [—e+f—fx)] J,l—Tan[f [—e+f—-Fx
2 4 2 4 2
1 1 7T 2
mAppellF1[2+2m, 1+2m, 1, 3+2m, — [1—Tan[f (—e+f—-Fx ] ),
2 4 2
1 7T 2 1 7T 2
1—Tan[f [—e+f—fx)} }) [—1+Tan[*(—e+f—fx ] ) -
4 2 4 2
1 1 7T 2
A (1+m) AppellF1[1+2m, 2m, 1, 2+2m, N [1—Tan[z (—e+g—fx ] ],

! [—e+£—fx)]2} Cot[i (—e+§—fx]]2 [1—Tan[% [—e+§—fx

1-Tan|~
4 2
1 1 1 7T 2
= (Appe11F1{2+2m, 2m, 2, 3+2m, — (l—Tan[— (—e+——fx)} J,
2 2 4 2
1 T 2
1—Tan{—(—e+;—1‘:x)] | + mAppellF1[2+2m, 1+2m, 1, 3+2m,
4
1[1—Tan[l —e+ Xl fx }2],1—Tan[l(—e+z—fx)}z})
2 4 2 4 2
1 s 2 1 7T
Sec[f(—e+f—fx] Tan[—{—e+——fx)]—2(1+m)
4 2 4 2
—;(1+2m) AppellF1[2+2m, 2m, 2, 3+2m,
2 (2+2m)
1 1 1 Tt
- (1—Tan[—(—e+——fx)] ),1—Tan{—(—e+——1‘:x)] ]
2 4 2 4 2
1 Tt 1 1
Sec[~ |-e+ = -fx|] Tan|[~ —e+f—fx)}— m(1+2m)
4 2 4 2 (2+2m
1 1 7T
AppellF1[2+2m, 1+2m, 1, 3+2m, 7(1—Tan[7[—e+f—fx
2 4 2
1 7T 2 1 7T 2 1
Tan[f(—e+f—fx } }Sec[f[—e+f—fx)] Tan{f(—e+f—-Fx
4 2 4 2 4
1 Tt 2 1
(—1+Tan[— (—e+——Fx)} ) {— (2+2m) AppellF1[3+2m, 2m,
4 2 3+2m
1 1 Tt 2 1
3,4+2m, — (1—Tan[— (—e+——fx |7, 1-Tan[ = (—e+——fx
2 4 2 4 2
1 7T 2 1 7T 1
Sec[f(—e+f—Fx] Tan[f(—e+——fx)}— m(2+2m)
4 2 4 2 2 (3+2m)
(—e+——fx)}2],

1 1
AppellF1[3+2m, 1+2m, 2, 4+2m, — (1—Tan[—
2 4

1—Tan[l(—e+z—fx)}2} Sec[l[—e+z—fx)]2Tan[
4 2 4 2
m 7;(2+2m) AppellF1[3+2m, 1+2m, 2, 4+2m,
2 (3+2m)
1 1 7T 2 1 7T 2
- [1_Tan[— (—e+——fx ] ], 1-Tan[~ (—e+——fx 1]
2 4 2 4 2

7T 2
—e+ f—Fx)] + (AppellF1{2+2m,
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1 7T 2 1 s 1
Sec[f[—e+f—fx)} Tan[f(—e+f—1:x)]—7
4 2 4 2 4 (3+2m)
(1+2m) (2+2m) AppellF1[3+2m, 2+2m, 1, 4+2m,
1 1 2 1 T 2
7(1—Tan[7(—e+f—fx ] ),1—Tan[7(—e+f—fx ] ]
2 4 4 2
1 7T 1 7T
Sec[— —e+——-Fx] Tan[— —e+——fx)} J/
4 2 4 2
1 1 7T 2
-2 (1+m) AppellF1[1+2m, 2m, 1, 2+2m, 5 [LTan[Z (—e+g—fx ] ),
1 7T 2
1-Tan|~ [—e+f—fx)] }+[Appe11F1[2+2m,2m, 2,3+2m,
4 2
1 7T 2 1 7T 2
= |1-Tan[~ [—e+f—fx ] ],l—Tan[f (—e+f—fx)} |+
2 4 2 4 2
1 1 T 2
mAppellF1[2+2m, 1+2m, 1, 3+2m, f(l—Tan[f —e+f—fx)] ),
2 4 2
1 b 2 1 b 2))2
1—Tan[7(—e+f—fx ] ]] —1+Tan[*(—e+f—1cx} ) -
4 2 4 2
1 1 7T 2
B (1+m) AppellFi[1+2m, 2m, 1, 2+2m, — [l—Tan[— (—e+——1‘:x)} ],
2 4 2
1 Tt 2 1 Tt 2 1 Tt 2
1-Tan|[~ [—e+——fx |"] cot|[= (—e+——fx ] [1—Tan[— (—e+——fx ] ]
4 2 4 2 4 2
1 1 T 2
= (Appe11F1[2+2m, 2m, 2,3+2m, = (1—Tan[— [-e+——fx ] ]
2 4 2

Sec|

ST

|

1 7T
1-Tan|[~ (7e+—7fx

2
|"] +mAppellF1[2+2m, 1+2m, 1, 3+2m,

4 2
%[1—Tan[i (—e+§—fx }2], 1—Tan[41 [—e+§—fx }Z}J
i(—e+§—FXJ]ZTan[4l [—e+§—fx)] -2 (1+m)

(1+2m) AppellF1[2+2m, 2m, 2, 3+2m,

1 1 T 2 1 s 2
= (1—Tan[—(—e+——fx ] ),1—Tan[—(—e+——fx 1]
2 4 2 4 2
1 7T 2 1 7T
Sec[f(—e+f—1:x] Tan[f[—e+——fx - ————m (1+2m)
4 2 4 2(2+2m)
1 1 7T 2
AppellF1[2+2m, 1+2m, 1, 3+2m, ;(1—Tan[z (—e+;—fx ] ],1—
1 T 2 1 7T 2 1 7T
Tan|— [—e+——fx "] sec| = [—e+——fx)] Tan|— (—e+——fx e
4 2 4 2 4 2
1 7T 1
-1+ Tan[~ (—e+——fx ] ) [ (2+2m) AppellF1[3+2m, 2m,
4 2 3+2m
1 1 7T 2 1 7T 2
3,4+2m, 7(1—Tan[7(—e+f—fx ] ),1—Tan[7(—e+f—fx ] ]
2 4 2 4
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Sec|

[ =

(—e+§—Fx)]2Tan[

FNQIN
IS

2 (3+2m)
1 1 7T
AppellF1[3+2m, 1+2m, 2, 4+2m, — (1—Tan[— (—e+——fx
2 4 2

1—Tan[4l [—e+§—fx)}2} Sec[1 [—e+£—fx)]2Tan[

1
4 2 4

1
m

————(2+2m) AppellF1[3+2m, 1+2m, 2, 4+2m,
2 (3+2m)

1 7T 2 1 7T 2
—[1—Tan[—(—e+ -fx|] ],1—Tan[—(—e+——fx} ]
2 4 4 2
Sec[l[—e+z—fx)}2Tan[1 (—e+£—1:x ]—é
4 2 4 2 4 (3+2m)
(1+2m) (2+2m) AppellF1[3+2m, 2+2m, 1, 4+2m,
1 1 Tt 2 1 7T 2
—(1 Tan[—(7e+—ffx]),17Tan[—(7e+—ffx] ]
2 4 2 4 2
1 T 2 1 7T
Sec[—(7e+—ffx] Tan[—(7e+—ffx} J/
4 2 4 2
1 1 7T 2
(—2(1+m) AppellF1[1+2m, 2m, 1, 2+2m, ; [LTan[Z (—e+g—fx | ),
1 7T 2
1-Tan|~ [—e+f—fx 1]+ [AppellF1[2+2m, 2m, 2, 3+2m,
4 2

1 1 7T
(1—Tan[f [—e+f—-Fx
2

}2], 1—Tan[£11 [—e+£—fx)]2} +

4 2 2
1 1 7T 2
mAppellF1[2+2m, 1+2m, 1, 3+2m, f(l—Tan[f —e+f—fx)] ),
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1 b 2 1 7 2))2
1—Tan[— —e+——-Fx] ]](—1+Tan[— —e+——Fx}])
4 2 4 2

Problem 209: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

J(a+aSin[e+fx])m (A+BsSin[e+fx])

(c—cSin[e+-Fx})3/2

dx

Optimal (type 5, 134 leaves, 4 steps):
(A+B) Cos[e+fx] (a+aSin[e+fx])"

2f (c-csinfe+fx])>?
(A(1-2m) -B (3+2m)) Cos[e+fx] Hypergeometric2F1|1, 1+m, —+m,

(a+aSin[e+Fx])m]/ (4C1C (1+2m) v/c-cSin[e+fx] )

Result (type 6, 14818 leaves):

1
2

(_e+§_fx)]_71 m(2+2m)

),

b
(—e+——-Fx
2

(1+sinfe+fx])]

|+
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Problem 210: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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J dx
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Result (type 6, 28451 leaves): Display of huge result suppressed!

Problem 214: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a+aSin[e+fx])" (A+BSin[e+fx c-cSinfe+fx]) T "dx
J( e+ fx])" fe+fx) | fe+fx])
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Problem 216: Attempted integration timed out after 120 seconds.
J(a+asin[e+fx])"' (A+BSin[e+fx]) (c-cSinfe+fx]) " dx

Optimal (type 5, 170leaves, 5steps):

;z?mcz (2A-B (1-2m)) Cos[e +fx]
f(1+2m)
1 1 1
Hypergeometric2F1 | (-1+2m), = (1+2m), = (3+2m), = (1+Sin[e+1‘x])]
2

1
2 2 2
(1—5in[e+-Fx])§+m (a+asinfe+fx])" (c—cSin[eJrFx])’l’"'

BCos[e+fx] (a+aSin[e+fx])" (c-cSin[e+fx])*™"

2f

Result (type 1, 1leaves):

2?7

Problem 217: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a$in[e+-Fx])m (A+BSin[e+fx}> (c—cSin[e+-Fx])2'md1x

Optimal (type 5, 173 leaves, 5steps):
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N R

BCos[e+fx] (a+asSinfe+fx])" (c—cSin[e+Fx])2""

3f

Result (type 6, 37061 leaves): Display of huge result suppressed!

Problem 232: Result more than twice size of optimal antiderivative.

JCSC[C+dX}5 (a+aSin[c+dx])3 (A-Asin[c+dx]) dx

Optimal (type 3, 86leaves, 10 steps):
5a3AArcTanh[Cos[c+dx]] 2a3ACot[c+dx]3

8d 3d
3a3ACot[c+dx] Csc[c+dx] a®ACot[c+dx] Csc[c+dx]3
8d 4d

Result (type 3, 210leaves):

S Cot[i (c+dx)] _3Csc[i (c+dx)]2 _Cot[% (c+dx)]Csc[§ (C+dXH2

3d 32d 12d

Csc[% (c+dx”4+ 5Log{Cos[§ (c+dx)]] ) 5Log[Sin[§ (c+dx)]] ) 3Sec[§ (c+dx”2 )

64 d 8d 8d 32d
Sec[L (c+dx)]* Tan[L (c+dx Sec[L (c+dx)]*Tan[L (c+dx
[2 2 2 2

- +
64d 3d 12d

Problem 233: Result more than twice size of optimal antiderivative.

JCsc[c+dx]6 (a+asin[c+dx])® (A-ASin[c+dx]) dx

Optimal (type 3, 105leaves, 12 steps):
a®AArcTanh[Cos[c+dx]] 2a®ACot[c+dx]® a®ACot[c+dx]”

- +

4d 3d 5d
a®ACot[c+dx] Csc[c+dx] a*ACot[c+dx]Csc[c+dx]3
4d 2d

Result (type 3, 268 leaves):
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S 7Cot[% (c+dx)] +Csc[i (c+dx)]2 ) 19Cot[§ (c+dx)] Csc[% (c+dx)]2 )
30d 16d 480 d

Csc[% (c+dxH4_CotE (c+dx) ] Csc[% (c+dx>]4+ Log[Cos[% (c+dx)]] )

32d 160d 4d
Log[Sin[i (c+dx)]] _Sec[i (c+dx)]2 Sec[i (c+dx)]4 ) 7Tan[§ (c+dx)]

+

4d 16d " 32d 30d
19Sec[i (c+dx)]2Tan[§ (c+dx)] Sec[i (c+dx”4Tan[i (c+dx)]
+

480 d l60d

Problem 234: Result more than twice size of optimal antiderivative.

JCsc[c+dx}7 (a+asinfc+dx])® (A-ASin[c+dx]) dx

Optimal (type 3, 130leaves, 12 steps):
3a3AArcTanh[Cos[c+dx]] 2a*ACot[c+dx]®> 2a®ACot[c+dXx]?

+

16d 3d 5d
3a3ACot[c+dx] Csc[c+dx] 5a*>ACot[c+dx]Csc[c+dx]3> a®ACot[c+dx]Csc[c+dx]°
16d 24 d 6d

Result (type 3, 306 leaves):
a*A
2Cot[%(c+dx)] 3Csc[%(c+dx)]2 Cot[%(c+dx)]€sc[%(c+dxH2 Csc[%(c+dx>]4

+ + - -

15d 64 d 240d 64 d

Cot[i (c+dx)] Csc[% (c+dx>]47csc[§ (c+dx>]6+3Log[Cos[i (c+dx)]] 7

8od 384d 16d
3Log[Sin[§(c+dx>H 35ec[§(c+dx”2 Sec[%(c+dx”4 Sec[i(c+dx”6

— + + —

16d 64d 64 d 384d

2Tan[§ (c+dx)] _Sec[i (c+dx”2Tan[i (c+dx)] +Sec[§ (c+dx)]4Tan[§ (c+dx)]

15d 240d 80d

Problem 236: Result more than twice size of optimal antiderivative.

Jsin[c+dx]3 (A-ASin[c+dx]) 4
X

(a+aSin[c+dx])3

Optimal (type 3, 103 leaves, 9 steps):
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4Ax ACos[c+dXx] 2ACos[c+dXx]
+ + -
a? a’d 5a3d (1+Sin[c+dx])>
31ACos[c+dx] 104 ACos[c +d x]

N
15a3d <1+Sin[c+dx])2 15a*d (1+Sin[c+dx])

Result (type 3, 228 leaves):
1

120a3d (Cos[i] +Sin[ﬂ) (Cos[% (c+dx)] +Sin[§ (c+dx)])5
3dx
2

X
| +6@0dxCos[2c+ |+

dx dx 3d
A [—1200dxc:os[—} +1665 Cos [ c + 7} -1675 Cos [c +
2

5dx 5dx 7 dx . dx
120dxCos[2c+ | +75Cos[3c+ | +15Cos[3c+ ]+2495$1n[7]—

2 2
. dx . 3dx . 3dx
1200 dx Sin|c+ —| -600d x Sin|c + | +4055sin[2c+ A | -
2 2
. 5dx . 5dx ) 7dx
491Sin[2c+ | +120dxSin[3c+ A | +15Sin[4c+ A ]
2

Problem 237: Result more than twice size of optimal antiderivative.

Jsin[c+dx]2 (A-Asin[c+dx]) 4
X

(a+aSin[c+dx])3

Optimal (type 3, 89leaves, 8steps):
7A7x 2ACos[c+dx] 7ACos[c+dx] 13ACos[c+dx]

. _
a> s5a’d(1+Sin[c+dx])® 5a’d(1+Sin[c+dx])®> 5a*d (l+Sin[c+dx])

Result (type 3, 189 leaves):

d x dx 3dx 3dx
[A(—SdeCos[f]+110Cos[c+7}—90Cos[c+ A | +25dxCos|[2¢c+ A
2

|+
3dx
2

d x

5 . odx . d x .
5dxCos|[2c+ ]+15051n[7]-50dx$1n[c+7]_25dx51n[c+ |+

1))/

. 3dx . 5dx . 5dx
40sin[2c+ A | -26sin[2c+ A | +5dxsin[3c+ A

)

Problem 240: Result more than twice size of optimal antiderivative.

(20 a’d (Cos[i] +Sin[£})

1 1
A 5 Cos[;(c+dx)]+51n[;(c+dx)}

JCsc[c+dx] (A-Asin[c+dx]) 4
X

(a+aSin[c+dx}>3

Optimal (type 3, 98 leaves, 9 steps):
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AArcTanh[Cos[c+dXx]] 2ACos[c+dx]
- + +
a’d 5a’d (1+Sin[c+dx])>
3ACos[c+dx] 8ACos[c+dXx]
+

5a’d (1+Sin[c+dx})2 5a°d (1+Sin[c+dx])

Result (type 3, 313 leaves):

|

Cos[% (c+dx)] +Sin[§ (c+dx)]

(c+dx)] +Sin[l (c+dx)] ’

C
os| A

chs[i} —ZSin[g} +3Cos[§]

N |

2

35in[ ] [cos[ (e+dx)] vsin[ > (crdx)] | -
s Log[cos| > [c+¢x)] ] [cos| ]« sin[£] ) [cos [ (cax]] -sin[ (c-ax]]) -
s vog[sin[ > [cax]]] cos[ S sin[ ] [cos[ > (crax]] osin[ 2 (crax)]] |-
zsin[%"] [-174cos[2 (c+dx)] ~195in(c-dx]]| (A-Asin(cdx)) |/
[sea[cos (€] sin] 5] [cos > (cvax)] -sin[ (erdx)]|
cos[ 2 (cvax)] esin[ > (cvax]]| |

Problem 241: Result more than twice size of optimal antiderivative.

JCSC[C+dX]2 (A-Asin[c+dx]) 4
X

(a+asin[c+dx])’

Optimal (type 3, 113 leaves, 15steps):

4 AArcTanh[Cos[c+dx]] ACot[c+dx]
a*d add

2ACot[c+dx] 31 ACot[c+dx] 104 ACot[c +dx]

. _
5a°d (1+Csc[c+dx])® 15a%d (1+Csc[c+dx])? 15a’d (1+Csclc+dx])

Result (type 3, 252 leaves):
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1, Cot[i(c+dx)] 4Log[Cos[i(c+dx)H 4Log[Sin[%(c+dx)]]
a | 2d i d ) d :
asin[> (c+dx)] 2

5d (Cos[i (c+dx)] +Sin[i (c+dx)])5 _ 5d (Cos[i (c+dx)] +Sin[% (c+dx)])4+

38sin[ 2 (c+dx)] 19

+

15d (Cos[i (c+dx)] +Sin[§ (c+dx)”3 15d (Cos[% (c+dx)] +Sin[§ (c+dx)})2

15851n[§<c+dx)] +Tan[i(c+dx)]

15d(Cos[§(c+dx)]+sin{%(c+dx)” 2d

Problem 242: Result more than twice size of optimal antiderivative.

JCsc[c+dx]3 (A-Asin[c+dx]) 4
X

(a+asSinfc+dx])?

Optimal (type 3, 138 leaves, 13 steps):
19 AArcTanh[Cos[c+dx]] 4ACot[c+dx] ACot[c+dx]Csc[c+dXx]
_ N _
2a3d a’d 2a3d

2ACos[c+dx] 29 ACos[c +dx] 164 ACos[c +dx]
+

.
5a’d (1+Sin[c+dx])? 15ad (1+Sin[c+dx])? 15a’d (1+Sin[c+dx])

+

Result (type 3, 290 leaves):

iA 2Cot[§ (c+dx)] _Csc[% (c+dx”2_
a3 d 8d

19Log[CosE (c+dx)]] ) 19Log{Sin[§ (c+dx)]] ) Sec[% (c+dx)]2 )

2d 2d 8d
4Sin[§(c+dx)} 2

+ —

5d (Cos[% (c+dx)] +Sin[§ (c+dx)])5 5d (Cos[i (c+dx)] +Sin[i (c+dx)])4

58Sin[ > (c+dx)] 29

+ —

15d (Cos[i (c+dx)] +Sin[§ (c+dx)”3 15d (Cos[% (c+dx)] +Sin[§ (c+dx)})2

32851n[§<c+dx)] 2Tan[i(c+dx)]

15d(Cos[§(c+dx)]+$in{%(c+dx)” d
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Problem 243: Result more than twice size of optimal antiderivative.

JCSC[C+dX]4 (A-Asin[c+dx]) ;
X
(a+asin[c+dx])’

Optimal (type 3, 153 leaves, 15 steps):
18 AArcTanh[Cos[c+dx]] 10ACot[c+dx] ACot[c+dx]® 2ACot[c+dx] Csc[c+dx]

i _
atd a’d 3a3d a’d
2ACos[c+dx] 13 ACos[c +dX] 93ACos[c+dx]

5a°d (1+Sin[c+dx])? said (1+sinfc+dx])? 5a3d (1+sin[c+dx])

Result (type 3, 348 leaves):

1 _29Cot[§(c+dx”+Csc[%(c+dx)]2_

a3 6d 2d

Cot[i (c+dx)] Csc[% (c+dx)]? 18Log[CosE (c+dx)]]

+ —

24.d d
18Log[Sin[§(c+dx)H_Sec[i(c+dx)]2+ asin[? (c+dx)] )
d 2d 5d [cos[L (c+dx)]+sin[L (c+dx)]]’
2 26sin[ 3 (c+dx)]

+ —

5d (Cos[% (c+dx) ] +Sin[% (c+dx”)4 5d (Cos[% (c+dx)] +Sin[§ (c+dx>])3

+

5d (Cos[% (c+dx)] +Sin[i (c+dx”)2 5d (Cos[i (c+dx) ] +Sin[2 (c+dx)])

+

13 18651n[§(c+dx”
1

29Tan{§ (c+dx) ] +Sec[% (c+dx)}2Tan[% (c+dx)]

6d 24d

Problem 248: Result unnecessarily involves imaginary or complex numbers.

J(a+asin[e+fx]) (A+BSin[e+fx])

dx
c+dSin[e+ fXx]
Optimal (type 3, 98 leaves, 6 steps):
2a(c-d) (Bc-Ad) Ar‘cTan[mCTan 2 (erF X
a(Bc- (A+B)d)x N aBCos[e + fX]
_ N _

d? d2/c2-d? f df
Result (type 3, 196 leaves):
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B dCos[e] Cos[f X]
AdX+B<—C+d)X— +
.F

a

Sec[%"] (Cos[e] -isSin[e]) (dCos[e+ %X} +cSin[f7X”

Ve -d? \/ (Cos[e] —J'LSin[e])2

]

{2 (c-d) (Bc-Ad) ArcTan|

(Cos [e] —iSin[e])]/ ch_dz £/ (Cose] - isinfe])? ) . BdSin[elSin['FxJ
2
/[ |

Problem 249: Result unnecessarily involves imaginary or complex numbers.

Cos[1 (e+fx)] +Sin[1 (e+fx)]

(1+Sin[e+fx])
2 2

(a+asinfe+fx]) (A+BSin[e+fx])
J dx

(c+dsinfe+fx])?

Optimal (type 3, 124 leaves, 6 steps):

2a (<A+B> <C*d> d2-Bc <C27d2)>Ar‘CTan[d+CTan = (e+fx) ]

aBx [ c2_g2

a (Bc-Ad) Cos[e+fx]
N +
2 a2 (c2-d?)> f d(c+d)f(c+dSinfe+fx])

Result (type 3, 217 leaves):

a(l+sinfe+fx]) [Bx+

SeC[%X] (Cosfe] -iSin[e]) (dCos[eJr %X] +cSin[fX])}

Ve2-d? \/ (Cosfe] -1iSin[e] )2

/(<c+d) \/ﬁf\/(Cos[e] -isinfe])? j )
/[

Problem 250: Result unnecessarily involves imaginary or complex numbers.

2 (Ad®-B (c*+cd-d?)) Ar‘cTan[

(Cos[e] -isSinfe])

(-Bc+Ad) Cscle] (cCos[e] +dSin[fx])
(c+d) f(c+dsinfe+fx])

Cos[% (e+fx)] +Sin[§ (e+fx)]

)

(a+asin[e+fx]) (A+BSin[e+fx])
J dx

(c+dsSinfe+fx])?

Optimal (type 3, 176 leaves, 7 steps):



178 | Mathematica 11.3 Integration Test Results for 4.1.3.1 (a+b sin)™m (c+d sin)”~n (A+B sin).nb

d+c Tan 17(e+1:x)
a(2Ac+Bc—Ad—ZBd)Ar‘cTan[ ]

c?-d?
.
(c+d) (c2-d?)2f
a (Bc-Ad) Cos[e+fx] a(A(c-2d)d+B(c?+2cd-2d?)) Cos[e+fx]
2d (c+d) f(c+dSin[e+fx])? 2 (c-d)d(c+d)*f (c+dSinfe+Fx])

Result (type 3, 345leaves):

a(l+sinfe+fx])

Sec[%} (Cos[e] fJiSin[e]) (dCos[eJr ‘%X] +cSin[fx])}

2
V2 - d2 \/ (Cosfe] -1iSin[e] )2

(Cose] iSin[e])J/ («ICZ,dZ \/<Cos[e] —JiSin[eUZ ) +

((2c®*+d?*) (A(c-2d)d+B (c®>+2cd-2d*)) Cot[e] +
dCscle] (-d (A(c-2d)d+B(c?+2cd-2d?*)) Cos[e+2Fx] +
(Bc(2c*+6cd-5d*) -Ad (-4c®+6cd+d?)) Sin[fx] + (Ad* (-2c+d) +

4 (2Ac+Bc-Ad-2Bd) ArcTan|

Bc(2c?+2cd-3d?)) Sin[2e+fx]))/(d2 (c+dsin[e+1‘><])2)]}/

Problem 264: Result more than twice size of optimal antiderivative.

(4 (c-d) (c+d>2-F Cos | <e+fx)]+sin[

N |-

(e+fx)]

N |

a+aSin[e+fx] 3 A+BSin[e +fx]
J ax

(c+dsinfe+fx])>
Optimal (type 3, 305leaves, 8steps):

a® (3Bc-Ad-3Bd) x
- ”

- |a3 (c—d) (Ad (2c2+6cd+7d2) -3B (2c3+4c2d+cd2—2d3>)

d+cTan[§ (e+Fx)]

o @ }]/(d4(c+d)2w/c2—d2 f)—

a®> (3Bc (2c+3d) -Ad (2c+5d)) Cos[e+fx] a(Bc-Ad)Cos[e+fx] (a+aSin[e+1‘x})2
+ _

2d3(c+d)21‘: 2d<c+d)f(c+dsin[e+1‘:x1>2

ArcTan|

((Ad(c+4d)-B(3c*+4cd-2d*)) Cos[e+fx] <a3+a3sin[e+Fx])>/
(Zd2 (c+d)2-F<c+dSin[e+-Fx}>)

Result (type 3, 830leaves):
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1

adt (c+d)?F (COSE (e+Fx)] +Sin[% (e+fx)])5

a’ (1+sinfe+fx])> R — (c-d) (-Ad (2c*+6cd+7d®) +3B (2> +4c?d+cd*-2d%))
d+cTan[> (e+fx)] 1
ArcTan | 2 |+
2 _a? (c+dSin[e+1‘x])2

(—12Bc5e+4Ac4de—12Bc“de+8Ac3d2e+6Bc3d2e+6Ac2d3e+68c2d3e+4Acd4e+
6Bcd*e+2Ad°e+6Bd°e-12Bc® fx+4Ac*dfx-12Bc*dfx+8Ac3d>fx+
6Bc3d?’fx+6Ac?d®fx+6Bc?d>fx+4Acd*fx+6Bcd*fx+2Ad°fx+6Bd°fx-
d(2Ad (-2c®-4c?d+5cd*+d®) +B (12c*+12c>d-9c*d* +4cd®+d*)) Cos[e+fx] -
2d? (c+d)2 (-3Bc+Ad+3Bd) (e+fx) Cos[z <e+-Fx)] +
Bc*d’Cos[3 (e+fx)]+2Bcd*Cos[3 (e+fx)]|+Bd°Cos|3 (e+fx)]-
24Bc*deSin[e+fx] +8Ac3d?eSin[e+fx] -24Bc>d?’eSin[e+fx] +
16Ac’d?eSin[e+fx] +24Bc?>d’eSin[e+fx] +8Acd*eSin[e+fx] +
24Bcd*eSinje+fx] -24Bc*dfxSin[e+fx] +8Ac3d?’fxSin[e+fx] -
24Bc3d?fxSin[e+fx] +16Ac?d®fxSin[e+fx] +24Bc?d®>fxSin[e+fx] +
8Acd*fxSin[e+fx] +24Bcd*fxSin[e+fx]-9Bc*d?Sin([2 (e+fx)]+
3ACCd®sin(2 (e+fx)]|-9Bc?d®Sin([2 (e+fx)|+3Acd*Sin[2 (e+fx)]+

4Bcd*sin[2 (e+fx)|-6Ad®Sin[2 (e+fx)|-2Bd>Sin|2 (e+-FxH)

Problem 265: Result more than twice size of optimal antiderivative.

J(A+Bsin[e+fx]) (c+dSin[e+-Fx])3 4
X

a+aSin[e+ fx]

Optimal (type 3, 220 leaves, 3 steps):
(3Ad (2c?-2cd+d?) +B (2c*-6c2d+9cd?-3d%)) x

2a
2d (3A(c?-3cd+d?) -B(7c2-9cd+4d?)) Cos[e+fx]

3af
d? (6Ac-11Bc-9Ad+9Bd) Cos[e+fx] Sin[e+fx]

+

+

+

6af
(3A-4B) dCos[e+fx] <c+dSin[e+-Fx}>2 (A-B) Cos[e+fx] (c+dSin[e+-Fx])3

3af f(a+asSinfe+fx])

Result (type 3, 788 leaves):
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1
24af (1+Sin[e+fx])

Cos[% (e+-Fx)] +Sin| (e+fx>]

N |

3 (4Ad (6c2 (e+fx) -3cd (1+2e+2-Fx) +d? (1+39+3'FX>) +

B (8c3 (e+-Fx) -12c?%d <1+2e+21’x) +12 c d? (1+3e+3-Fx) -d3 (7+12e+12fx)))

cOs[% (e+fx)] +9d (Ad(-4c+d)+B(-4c2+3cd 2d?)) cOs[z e+ fx)] +
9Bcd2Cos[§ (e+fx) | +3Ad3Cos[§ (e+fx)] -2Bd3Cos[§ (e+fx)]+
Bd3Cos[§ (e+fx)] +48Ac3Sin[§ (e+fx)] —4SBc3Sin[% (e+fx)] -
144Ac2dSin[§ (e+fx) | +180Bc2dSin[§ (e+fx)] +180Acdzsin[% (e+fx)] -
1808cdzsin[§ (e+fx)] —60Ad3Sin[% (e+fx)] +698d3Sin[§ (e+fx)]+
24Bc3eSin[§ (e+fx)] +72Ac2deSin[§ (e+fx)] —7ZBc2deSin[; (e+fx)]-
72Acd2eSin[§ (e+fx)] +1088cd2eSin[§ (e+fx)] +36Ad3eSin[§ (e+fx)] -
363d3eSin[% (e+fx)] +24Bc3-FxSin[% (e+fx)] +72Ac2d-FxSin[§ (e+fx)] -
72Bc*dfxSin[ = (e+fx)] —72Acd2-FxSin[§ (e+fx)]+

(e+fx)] +36Ad3+x51n[l (e+fx)] 736Bd3FxSin[l (e+fx)] -
2 2

1
2
1

108 B c d* fx Sin| —
2

36Bc2dSin[i (e+fx” —36AchSin[z (e+-FxH +27BchSin[z (e+fx” +
2 2 2

9Ad®Sin[ = (e+fx)|-18Bd’Sin[= (e+fx)|-9Bcd’Sin[= (e+fx)] -

N W
N W
N |

3Ad®sin|~ (e+fx)] +ZBd3Sin[E <e+fx)] +Bd3Sin[Z

A A (e+fx)]

N

Problem 268: Result more than twice size of optimal antiderivative.

A+BSin[e + fXx]
J dx

a+aSinfe+fx]

Optimal (type 3, 35leaves, 2 steps):
Bx (A-B) Cos[e+fXx]

a f(a+asinfe+fx])
Result (type 3, 79leaves

Cos{l (e+fx)]+sin]

):
1
A ;(eﬂcx)]

(B (e+fx) Cos[= (e+fx)]+ (2A+B (-2+e+fx)) Sin|

N |

% (e+fx”))/(a
f(l+Sin[e+fx]))
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Problem 272: Result more than twice size of optimal antiderivative.

J(A+Bsin[e+fx]) (c+dSin[e+-Fx])3 4
X

(a+aSin[e+1°x}>2

Optimal (type 3, 228 leaves, 3 steps):
d(2A(3c-2d)d+B(6c*-12cd+7d?)) x

+

2 a2
2d (A(c?+6cd-5d*) +B (2c?-15cd+8d?)) Cos[e+fx]
N
3a2f
d? (B (4c-21d) +2A (c+6d)) Cos[e+fx] Sin[e+fx]
6a2f

(2B (c-4d) +A (c+5d)) Cos[e+fx] (c+dSin[e+fx])?

3a?f (1+Sin[e+fx])

(A-B) Cos[e+fxX] (c+dSin[e+fx])3

3'F(a+aSin[e+-Fx}>2

Result (type 3, 1032 leaves):
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1

48'F(a+aSin[e+1:x})2

Cos[% (e+fx)] +Sin[§ (e+fx)]

(48|3c3Cos[l (e+fx)] +144Ac2ch5[l (e+fx)]-
2 2

2883c%|Cos[l (e+fx)] —288AchCos[1 (e+fx)] +36(chd2cOs[1 (e+fx)]+
2 2 2

120Ad3COS[§ (e+fx) | -147Bd3cOs[% (e+fx)]+216Bc*d (e+fx) COS[% (e+fx)]+
216 Acd® (e +fx) Cos[i (e+fx)]-432Bcd® (e+fx) Cos[% (e+Fx)] -

144Ad® (e + fX) Cos[% (e+fx)] +252Bd> (e+fx) Cos[% (e+fx)] -

16Ac3cOs[i (e+fx)] -323c3cOs[i (e+fx)] -96Ac%|Cos[i (e+fx)]+

2 2 2
3
2

240 B c?d Cos (e+fx)] +240Acd2Cos[i (e+-FxH —4928cd2Cos[i <e+fx)] -
2 2

164 Ad>Cos |~ (e+fx)] +239Bd>Cos[~ (e+fx)|-72Bc?d (e+fx) Cos|[ =~ (e+fx)] -

Nlw —
N W
N W

72 A c d? <e+-Fx) Cos[

N W

(e+Fx” +144Bc d? (e+Fx) Cos[

N w

(e+fx)]+

(e+fx)] 84Bd® (e+fx) Cos|> (e+fx)]+

48 Ad* (e+fx) Cos|
2

N W

36|3cc12Cos[E (e+fx)] +12Ad3cOs[E (e+fx)] -1SBd3COs[E (e+fx)]+
2 2 2

(e+fx)] +48Ac3’Sin[1 (e+FxH +48Bc3Sin[

3Bd’Cos|
2

(e+fx)]+

NN
N R

144AchSin[1 (e+fx)] —4323c2dSin[1 (e+fx)] -432Acd251n[1 (e+fx)]+
2 2 2

79ZBchSin[1 (e+fx)] +264Ad3Sin[l (e+fx” —381Bd3Sin[l (e+fx” +

2 2 2
216Bc?d (e +fx) Sin[% (e+fx)] +216Acd? (e+fx) Sin[% (e+fx)] -
432Bcd? (e +fx) Sin[% (e+fx)]-144Ad® (e+fX) Sin[% (e+fx)]+
252Bd* (e +fX) Sin[% (e+fx)] —1@83cd251n[§ (e+fx)] -
36Ad351n[§ e+ £x)] +638d3Sin[§ (e+fx)] +72Bc%d (e +x) Sin[z (erfx)] +
72Acd® (e+fx) Sin[z (e+fx)]-144Bcd? (e +Fx) Sin[g (e+fx)] -
48 Ad® (e +fx) Sin[z (e+fx)] +84Bd> (e+fx) Sin[g (e+fx)] —BGBCdZSin[z (e+fx)] -

12Ad*Sin|

[N |

e+fx)]| +15Bd3Sin
( )]

N U

3ein
(e+fx)] +3Bd Sln[2 (e+fx)]
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Problem 273: Result more than twice size of optimal antiderivative.

J<A+Bsin[e+fx]) (CerSin[eJr-Fx])2 4
X
(

a+aSin[e+1cx}>2

Optimal (type 3, 132leaves, 5steps):
d(2B(c-d) +Ad) x (A-4B)d>Cos[e+fx]
+

a? 3a%f
(c-d) (2B (c-3d) +A (c+3d)) Cos[e+fx] (A-B) Cos[e+fx] (c+dSin[e+-Fx])2
3a2f (1+Sin[e+fx]) 3-F(a+aSin[e+Fx})2
Result (type 3, 338 leaves):
! Cos[l(e+fx)]+sin[l(e+1cx)]
12af (1+Sin[e+fx])? 2 2

6 (Ad (4c+d (—4+3e+3-Fx)> +B (2c2+d2 (5—6e—6-Fx> +2cd (—4+3e+3fx)>)

Cos[1 (e+fx)]-(B(8c?*+d®(41-12e-12fx) +4cd (-16+3e+3fx)) +
2

2A(2c*+8cd+d? (-106+3e+3fx))) Cos[z (e+-FxH +38d2Cos[E (e+fx>] +
2 2

6 (2Ac*+2Bc*+4Acd-12Bcd-6Ad*+9Bd*+8Bcde+4Ad’e-8Bd’e+8Bcdfx+
4Ad*fx-8Bd*fx-2d(-2Bc (e+fx) -Ad (e+fx)+2Bd (1l+e+fx]) Cos[e+fx]-

Bd”Cos[2 (e+fx)|) Sin[% (e+fx)]

Problem 274: Result more than twice size of optimal antiderivative.

(A+BSin[e+fx]) (c+dSin[e+fx])
J dx

(a+asinfe+fx])?
Optimal (type 3, 85leaves, 4 steps):
Bdx (Ac+2Bc+2Ad-5Bd)Cos[e+fx] (A-B) (c-d)Cos[e+fx]

2 3a2f (1+Sin[e+fx]) 3f (a+aSin(e+fx])?

a

Result (type 3, 180leaves):

Cos[% (e+fx)] +Sin[§ (e+fx)]

(2 (A-B) (c-d) Sin[1 (e+fx)] - (A-B) (c-d)

A Cos[l(e+fx>]+sin[1(e+fx)]

2 2

+

2
+

2 (Ac+2Bc+2Ad-5Bd) Sin[l (e+fx)]

5 Cos[l(eJr-Fx)]JrSin[l(e+-Fx>]

2 2

3])/ (3a2-F (1+Sin[e+Fx])2)

3Bd (e+fx] Cos[i (e+fx” +Sin[% <e+-Fx)]
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Problem 278: Result more than twice size of optimal antiderivative.

J A+BSin[e + fXx] dx

(a+asinfe+fx])? (c+dSin[e+fx])>

Optimal (type 3, 386 leaves, 8 steps):

d+cTan[§ (e+Fx)]

=l

d(Ad(12c*+16cd+7d?) -B (6c®+12c*d+13cd?+4d’)) ArcTan]|

(az (c-d)* (c+d)sz) -

d(A(2c?-16cd-21d?) +B (4c*+19cd+12d?)) Cos[e + fx]

6a’ (c-d)? (c+d) f (c+dsinfe+fx])?
(Ac+2Bc-8Ad+5Bd) Cos[e+fx]

3a% (c-d)*f (1+Sinfe+fx]) (c+dSinfe+fx])?
(A-B) Cos[e+fXx]

3(c-d)f(a+aSinfe+fx])? (c+dSin[e+fx])?
(d (A(2>-16c2d-59cd?-32d%) +B (4c>+37c?d+44cd?+20d%)) Cos[e+Fx]) /
(6a2 (c—d)4 (c+d>2-F(c+dSin[e+-Fx}))

Result (type 3, 1522 leaves):

d (6Bc3—12Ac2d+1ZBc2d—16Acd2+13Bcd2—7Ad3+4Bd3)

Sec[% (e+fx)] (dCos[i (e+fx)]+csin[ (e+fx>])

4/c2_d2

/
((C‘d)A' (C+d)2\/ﬁf (a+aSin[e+fx])2]] +

1

ArcTan |

]

Cos[% (e+fx)] +Sin[§ (e+fx)] )

48 (c-d)* (c+d)?f (a+aSin[e+fx])? (c+dSin[e+fx])?

Cos[l(e+fx)]+$in[1(e+1:x)]
2 2
.1 . 1 X 1
(4SBC Cos[; (e+fx)]-96Ac dCos[g (e+fx)]+240Bc dCos[; (e+fx)] -
524Ac3d2Cos[1(e+fx)]+536Bc3d2Cos[l(e+fx”—
2 2
776Ac2d3Cos[1(e+-Fx>]+701Bc2d3Cos[1(e+fx)}—487Acd4Cos[1<e+fx)]+
2 2 2
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4008cd4Cos[l (e+-FxH —112Ad5Cos[l (e+fx)] +7eBd5Cos[l (e+fx)} -
2 2 2

(e+fx)] —BZBCSCOS[E (e+fx)} +80Ac*dCos|

16 A c® Cos |
2

(e+'FXH -

N | W
N W

224Bc4dCos[3 (e+Fx) ] +536Ac3dZCos[i (e+Fx)] —7288c3d2Cos[i (e+Fx)]+

2 2 2
1@28Ac2d3Cos[i (e+fx)] —8938c2d3Cos[i (e+fx)] +695Acd“Cos[i (e+fx)] -
2 2 2

4828cd4Cos[i (e+-FxH +134Ad5Cos[i (e+fx)] —988d5Cos[i (e+fx)} +
2

2 2
24Bc3d2Cos[5 (e+fx)] —12Ac2d3Cos{5 (e+-FxH +218c2d3Cos[E (e+fx” -
2 2 2
15Acd4Cos[E (e+fx)] —188cd4Cos[E (e+fx)] +6Ad5Cos[E (e+fx)] -
2 2 2
7

GBdSCos[E (e+fx)] +4Ac3d2Cos[Z <e+fx)] +8Bc?d?Cos |~ (e+fx” -
2 2 2

32Ac?d®Cos|[~ (e+fx)]| +59Bc?d®Cos|[~ (e+fx)|-97Acd*Cos|[~ (e+fx)]+

N[N
N[N
N[N

768cd“Cos[Z (e+fx)] —52Ad5COS[Z (e+fx)] +348<15Cos[Z (e+fx)]+

2 2 2

48Ac551n[1 (e+fx)] +48|3c551n[l (e+fx)] —224Ac4dSin[1 (e+fx)]+
2 2 2

(e+fx)] +9923c3d251n[1 (e+fx)] -

416|3c4dSin[1 (e+fx)]-872Ac*d?Sin|
2

2

N |

1

1144Ac2d3Sin{l (e+fx” +967Bc?d®Sin| (e+1°x)] —685Acd4Sin[l (e+fo +
2 2

N

496 B c d* Sin]|

N |

(e+fx)] _168Ac|551n[1 (e+fx)] +1263¢1551n[1 (e+fx)]+
2 2
483c“d51n[i (e+fx)]-132Acd*sin|[ = (e+fx)] +96Bc>d?Sin|
2

Nl w

3

- f _

X (e+fx)]

2<a4Ac2d3Sin[i (e+fx)] +2<a7|3c20|351n[i (e+fx)] -165Acd“51n[i (e+fx)]+
2 2 2

3

174 B c d* Sin (e+-FxH —66AdSSin{i (e+fx)] +42Bd°sin| (e+fx)] -

E 2 2
16Ac4dSin[§ (e+fx)] —328c4dSin[§ (e+fx)] +116Ac3dZSin[§ (e+fx)] -
224Bc3dZSin[§ (e+fx)] +412Ac2d3Sin[§ (e+fx)] —4098c2d3sin[§ (e+fx)]+
4@3Acd451n[§ (e+fx)] —286Bcd4Sin[§ (e+fx)] +114Ad55in[§ (e+fx)] -
783d551n[§ (e+Fx)] +1SBc2d3Sin[§ (e+fx)] —21Acd4Sin[§ (e+fx)]+
1ZBcd4Sin[§ (e+fx)] —12AdSSin[§ (e+fx)] +GBdSSin[§ (e+fx)]

Problem 280: Result more than twice size of optimal antiderivative.
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(A+BSinf[e+fx]) (c+dSin[e+-Fx])2
J dx

(a+aSin[e+fx})3

Optimal (type 3, 164 leaves, 5 steps):
Bd2x (c-d) (B(3c-7d)+2A (c+d)) Cos[e+fx]

al 15a-F(a+aSin[e+1‘:x])2

(B(3c?+14cd-29d?) +2A (c?+3cd+2d?)) Cos[e+fx]

15f (a®+a*sinfe+fx])

(A-B) Cos[e+fx] (c+dSin[e+fx])?

5-F<a+aSin[e+1‘:x})3

Result (type 3, 514 leaves):

! Cos[ = (e+£x)] +sin[= (e+Fx)]
60af (1+Sinfe+fx])> 2 2
30 (2Ad (c+d) +B (c*+4cd+d® (-9+5e+5Fx])) cOs[% (e+fx)] -
5(4A(c®>+3cd+2d®) +B(6c?+16cd+d® (-46+15e+15Fx))) Cos[z (e+fx)] -
15Bd2eCos[§ (e+fx)] —15Bd2fxCos[§ (e+fx)] +40Ac25in[§ (e+Fx)]+
30Bc25in[§ (e+fx)] +60AcdSin[% (e+fx)] +160BcdSin[§ e+fx)]+
seAdZSin[i (e+fx)] —37GBdZSin[§ (e+fx)] +1508d2eSin[§ (e+fx)]+
ISGdefoin[% (e+fx)] +6GBcdSin[§ (e+fx)]+
30Ad25in[§ (e+Fx) ] —90desin[§ (e+Fx)] +7SBd2eSin[§ (e+Fx)]+
5

75|3dzfxsin[i (e+fx)] -4Ac251n[E (e+fx)]-6Bc?Sin[= (e+fx)]| -

2 2 2
12AcdSin[E (e+fx)] —ZBBcdSin[E (e+fx)] —14Ad25in[5 (e+fx)]+
2 2 2
64BdZSin{5 (e+fx)] —1SBd2eSin{5 (e+fx)] —1SBd21:xSin[E

2 2 2

(e+fx)]

Problem 283: Result more than twice size of optimal antiderivative.

J A+BSin[e + f Xx] 4
X
(a+aSin[e+-Fx})3 (c+dsinfe+fx])

Optimal (type 3, 229 leaves, 7 steps):
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1
2d? (Bc-Ad] ArcTan | S @001

c?-d?

3 c-d)?c2-d? f

(A-B) Cos[e+fx] (2Ac+3Bc-7Ad+2Bd) Cos[e+fx]

5(c-d)f(a+aSinfe+fx])? 15a (c-d)*f (a+asSinfe+fx])?
(B(3c?-16cd-2d?) +A (2c?-9cd+22d?)) Cos[e+fXx]

15 (c—d)3f<a3+a3sin[e+1cx])

Result (type 3, 502 leaves):
1

30a% (c-d)’f (1+Sinfe+fx])>

Cos[% (e+fx)] +Sin[§ (e+fx)]

N |

(15Bc2Cos[ (e+Fx)] —15Achos[§ (e+fx)] -

753chos[1 (e+fx)] +75Ad2cOs[1 (e+fx)] —1e)Ac2cOs[i (e+fx)]-

2 2 2
1SBc2Cos{i(e+fx”+45Achos{z<e+fx)]+658chos[i(e+fx”—

2 2 2
95Ad2Cos[i(e+fx)}+1OBd2Cos[i(e+Fx)]+20Aczsin[1<e+fx)]+

2 2 2
15Bc25in[l(e+~FxH—75AcdSin[1(e+fx)]—858cdsin[l(e+-FxH+

2 2 2

2cs 1 .ol 1

145Ad?Sin| ~ (e+fx) ] -20Bd*Sin[~ (e+fx)| - ————

2 2 ez —d?

d+cTan[l(e+fx)] 1 1 5
60d2(—Bc+Ad)Ar'cTan[ 2 ]Cos[—(e+fx)]+sin[—(e+fx” -
e o d? 2 2

15BcdSin[i(e+fx)]+15AdZSin[i(e+-Fx)]—

2 2

2Ac*Sin|— (e+fx)| -3Bc*Sin|— (e+fx) | +9AcdSin|— (e+fx) | +

1GBcdSin[E (e+1:x)] —22AdZSin[E <e+fx)] JrZBdZSin[E (e+1:x)]
2 2 2

Problem 284: Result more than twice size of optimal antiderivative.

J A+BSin[e + fx] q
X
(a+aSin[e+1‘:x])3 (c+dSin[e+1‘:x])2

Optimal (type 3, 381 leaves, 8 steps):



188 | Mathematica 11.3 Integration Test Results for 4.1.3.1 (a+b sin)™m (c+d sin)”~n (A+B sin).nb

d+c Tan 17(e+~Fx)
2d2(Ad<4c+3d)—B(3c2+3cd+d2))Ar‘cTan[ ]

c?-d?

a®(c-d)* (c+d)c2-d? f
(d (B (3c>-23¢c2d-63cd?-22d°) +A (2c*-12c2d+43cd?+72d%)) Cos[e+Fx]) /
(A-B) Cos[e+fX]

(15a3 (c—d)4(c+d)-F(c+dSin[e+-Fx]))— -
5(c-d)f(a+aSin[e+fx])> (c+dSin[e+fx])

(2Ac+3Bc-9Ad+4Bd) Cos[e+fx]

15a (c—d)21c (a+aSin[e+1“x1)2 (c+dsinfe+fx])
(B(3c*-23cd-15d?) +A (2c?-12cd+45d?)) Cos[e + fx]

15 <c—d)3-F (a®+a*sin[e+fx]) (c+dSin[e+fx])
Result (type 3, 1253 leaves):

2d* (3Bc*-4Acd+3Bcd-3Ad*+Bd*)

Sec[% (e+Fx)] (dCos[% (e+Fx)] +cSin[§ (e+fx)])

“/CZ _ d2

/((C‘d)4 (c+d) \/ﬁf (a+aSin[e+fx])3) +

ArcTan |

]

6

Cos[% (e+fx)] +Sin[§ (e+fx)]

1

120 (c-d)* (c+d) f (a+asSinfe+fx])? (c+dSin[e+fx])

Cos[1 (e+fx)] +Sin[1 (e+fx)]

1
= 60 B c* Cos | — fx)| -
A A ( c*Cos[~ (e+fx)]

2

80A<:3chs[1 (e+fx)]-398Bc>dCos[~ (e+fx)|+540Ac?d?Cos|[~ (e+Fx)] -
2

N |
N |

109(aE;c2dZCos[l (e+fx)] +143(aAcd3Cos[l (e+fx)] —8858cd3Cos[1 (e+fx)]+
2 2 2

735Ad4Cos[l (e+fx” —3208d4Cos[1 (e+fx” —40Ac4Cos[i (e+fx” -
2 2 2

GGBC“COS[z (e+fx) | +196Ac3dCos[i (e+1°x)] +304Bc3dCos[z (e+fx)] -
2 2 2
(e+-Fx)] —1546Acd3Cos[3 (e+-Fx)] +

476 Ac? d? Cos| = (e +fx) | +1076 B c? d Cos |

N W

3
2 2
3 3 3
1181Bcd®Cos| = (e+fx)| -969Ad* Cos| = (e+fx)]| +334Bd*Cos|[ =~ (e+fx) |+
2 2 2
GOBCZdZCos[E (e+fx)] —9@Acd3Cos[E (e+fx)] +1SBcd3Cos[E (e+fx)] -
2 2 2

15Ad4Cos[E (e+fx)] +3eBd“Cos[E (e+fo +4Ac3dCos[Z <e+fx)] +
2 2 2

6Bc3’dCos[Z (e+fx)] 724Ac2d2Cos[z (e+fx)] 746Bc2d2Cos[Z (e+Fx)]+
2 2 2
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86Acd3cOs[Z (e+fx)] —1lchd3Cos[Z (e+fx)] +129Ac1“Cos[Z (e+fx)]-
2 2 2
443d“cO5[Z (e+fx)] +80Ac4Sin[l (e+Fx)] +6@Bc451n[l (e+Fx)] -
2 2 2

34<aAc3dSin[1 (e+fx)] —44eBc3dSin[1 (e+fx)] +82<aAc2dZSin[l (e+fx)]-
2 2 2

15208c2d251n[l (e+FxH +2140Acd3Sin[l (e+-FxH —14358cd3Sin[l (e+fx” +
2 2 2

975Ad451n[l (e+fx)] -3.49Bc|“s.in[1 (e+fx) | -9@)Bc3dsin[E (e+fx)]+
2 2 2
12(aAc2dZSin[E (e+Fx)] —39OBc2dZSin[z (e+fx)] +54<aAcd3Sin[i (e+fx)] -
2 2 2

315|3cd3Sin[i (e+fx)] +285Ad451n[i (e+fx)] 71508d4sin[i (e+fx)] -
2 2 2
E;Ac“Sin[E (e+fx)] —12Bc4Sin[E (e+fx)] +28Ac3dsin[E (e+fx)]+
2 2 2

628c3dSin[E <e+fx)] —52Ac2dZSin[5 (e+1:x)] +362B c?2d?Sin <e+fx)] -
2 2

e+fx)]| -555Ad*Sin
< )]

B
5
N (e+fx)]+

568Acd3Sin[E (e+fx)]+553Bcd’®sin|
2

N U

19eBd4Sin{5 (e+FxH —1SBcd3Sin{Z (e+Fx)] +15Ad4Sin[Z (e+fx)]
2 2 2

Problem 290: Result is not expressed in closed-form.

J\/a+aSin[e+fx} (A+Bsin[e+fx]) 4
X

c+dSin[e + fXx]
Optimal (type 3, 100leaves, 3 steps):

2\/? (BC—Ad> AI"CTanh{ a +/d Cosle+fx]

Vc+d \/a+aSin[e+fx] 2aBCos[e+fx]
d32+/c+d f df+a+aSin[e+fx]

Result (type 7, 903 leaves):
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(-2 B/d Cos[*] (cos[¢] -sin[¢]) )

.F

! E

d3/2 (Cos[i(e+1‘:x)]+sin[§(e+fx)]) [2+2)
1

Vc+d (Cos[e] +i (-1+Sin[e])) /Cos[e] -1 Sin[e]

(-Bc+Ad) [Cos[g] +j$in[§}]

. 1 . ie 2 2ie 4 1
(-1+1) xCos[e] + —RootSum|[-d+2ice'®n1®+de*'®n1* &, ———
4f d-1icet®n1?

ifx

(1+1)de?® fx-(2-21i)d+e?® Log[e > -#1] -iVd Vcrd fxul+

ifx

ifx 1-1i) cfxml? 2+21) clL = -nl| g1?
zﬁmwg[e%-m]nu( B cfxrt? (2+2d)c cgle s -mijui?
e—je e—je
vVd Verd etefxn1>-2i+/d Ve+d e“Log[e%—Hl]HP &]

(Cos[e] +i (-1+Sin[e])) v/Cos[e] -iSin[e] + (1+1i) xSin[e]

+

1
Vc+d (Cos[e] +1i (-1+Sin[e])) /Cos[e] -iSin[e]
(-Bc+Ad) (Cos[g} +iSin[S})
2 2

1 , .
[(1]1) xCos[e] - (1+1)xSin[e] + ——RootSum|-d+2ice'®n1?+de?t®nl g,
4f

ifx

! (1-i)dye™® fx+ (2+21i)d+Je’® Logle z -ul]+

d-1icel®r1?

ifx 1 1 f 12
Vd Jcrd fxm+2id vVcrd Logle s -] gy (1ei)cfxm?
e—je
(zfzﬂ)CLOg[enzlfnl} 112

~i+/d Ve+d etefxm13+2+/d Vec+d ei®

e—je

Log[e?—ﬁl] #1%| &| v/Cos[e] -1 Sin[e] (-1-1iCos[e] +Sinfe]) |+

(2-21)BVd (Cos[¢] +sin[¢]) sin[£X]

.F

]\/a (1+sinfe+fx])
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Problem 291: Result is not expressed in closed-form.

J\/a+aSin[e+fx} (A+Bsin[e+fx]) 5
X

(c+dSinfe+fx])?

Optimal (type 3, 126 leaves, 3 steps):

\/? (Ad+B <C+2d) > Ar‘cTanh[ a +/d Cos[e+fx]

A/ c+d +/a+aSin[e+f Xx]
+

d*/2 (c+d)?2f

a (Bc-Ad) Cos[e+fx]

d (c+d)-F\/a+aSin[e+-Fx} (c+dsinfe+fx])

Result (type 7, 901 leaves):
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1
o el e sl ]

1 i
—+ — 1+Si +f
( + ]\/a( in[e x])

1

(c+d)3/2 (Cos[e] +i (-1+Sin[e])) v/Cos[e] -1 Sin[e]

(Ad+B (c+2d)) (Cos[g] +iSin[§]]

. 1 . ie 2 2ie 4 1
(-1+1) xCos[e] + —RootSum|[-d+2ice'®n1?+de?t®nl*y, ——
4f d-icefem1?

ifx

(1+i)dy/e?® fx-(2-2i)d~e’® Log[e: -m1] -i~/d /c+rd fxul+

(1-1i) cfxm®  (2+21) cLog[en%_nl} w12

ifx
2+/d /c+d Log[eT—J:tl]tt1+ +

efje e—]‘le

£

Vd Vcrd et fxa1*-2i+/d Verd e'®logle: -u1]n1?| &]

+

(Cos[e] +i (-1+Sin[e])) v/Cos[e] -iSin[e] + (1+1i) xSin[e]

1

(c+d)*? (Cos[e] +1 (-1+Sin[e])) +/Cos[e] - iSin[e]

(Ad+B (c+2d)) (Cos[g] +iSin[§]]

1 . .
(1-1) xCos[e] - (1+1) xSin[e] + —RootSum|[-d+21ice’®n1®+de?'®n1*g,
4f

;2 (1-i)dye?® fx+ (2+21i)dye’® Log[e]zg—ttl]Jr
d-ice'®fl

ifx 1+1) cfxm1?
Vd Je+d fxua1+2i+d Ve+d Logle? -] H1—¥+

e—j e

(2-21)c Log[e%fm} 12

~i+/d Verd efefxm13+2+/d Vec+d el

e—je

ifx

Log|e s -n1|n1?

&| \/Cos[e] -iSin[e] (-1-1iCos[e] +Sin[e])

(2-21) \d (-Bc+Ad) (Cos[i <e+-Fx)] —Sin[% (e+-Fx)”

(c+d) f(c+dSin[e+fx])
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Problem 292: Result is not expressed in closed-form.

J\/a+aSin[e+fx} (A+Bsin[e+fx]) 4
X

(c+dSinfe+fx])?

Optimal (type 3, 192 leaves, 4 steps):

Va (3Ad+B (c+4d)) ArcTanh | —L2—/d Cosle=fx]

A\ c+d +/a+aSin[e+f X]
+

4d>2 (c+d)*?f

a (Bc-Ad) Cos[e+fx]

2d (c+d) f+/a+asSin[e+ fx] (CerSin[eJr-Fx])2
a(3Ad+B (c+4d)) Cos[e+fx]

4d <c+d)2f\/a+asin[e+-Fx] (c+dsinfe+fx])

Result (type 7, 967 leaves):
1

@2 cos[ 2 (e #x)] sin[X (e £x)] ]

1 1 1
— — a(l1+Sin[e+fx
(16+16]\/ ( " e ])

(c+d)>? (Cosfe] +i (-1+Sin[e])) +/Cos[e] - 1iSin[e]

(3Ad+B (c+4d)) (cOs[g] +jSin[§]J

- 1 o eie 2 2ie 14 1
(-1+1i) xCos[e] + —RootSum|[-d+2ice'®n1®+de*'®nl* g, ————
4f d-icetem?

ifx

(1+i)dy/e'® fx-(2-2i)d+/e’® Logle: -m1]-i~/d Vc+d fxul+

(1-4) cfxm1®2  (2+21) cLog[eﬂzﬁ—Hl} 12

ifx
2+/d Vc+d Logle: -m1]ml+ + -

e—je e—]’le

) ) i £x
Vd Ve+d etefxm1®-2i+/d Ve+d e'®log[e > -nl|n1?| &]

(Cos[e] +i (-1+Sinfe])) V/Cos[e] -iSin[e] + (1+i) xSin[e]

+

1

(c+d)®? (Cos[e] +i (-1+Sin[e])) \/Cos[e] -1iSin[e]

(3Ad+B (c+ad)) (Cos[g] +]'lSin[§])
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1 ) )
[(1—1’1) xCos[e] - (1+1) xSin[e] + —RootSum[-d+2ice'®n1*+de’ ®ul1*g,
4 f

;2 (1-i)dye™® fx+ (2+2i)dr/e’® Log[eizl—iil]Jr
d-ice*®rl

it 1+1) cfxnl?

Vd Ve+d fx#Hl+21i+d vJc+d Log[e?—ttl] Hl—¥+
efje

ifx

(2-21) clog[ez -m1]n1?

—ivd Ve+d etefxm13+2+/d Vc+d et®

efje

ifx

Log[e = -n1]n1?

&| \/Cos[e] -iSin[e] (-1-1iCosle] +Sin[e}>] -

(4-41i)+d (-Bc+Ad) (Cos[% (e+Fx)] —Sin[% (e+fx)”

(c+d) -F(c+dSin[e+1“x})2
((2-211) Vd (3Ad+B (c+4d))

Cos{% (e+fx)] —Sin[% (e+fx)]

)/

((c+d)2f(c+dsin[e+fx}))

Problem 293: Result more than twice size of optimal antiderivative.
J(a+aSin[e+-Fx])3/2 (A+BSin[e+fx]) (c+dSin[e+-Fx])3d1x

Optimal (type 3, 374 leaves, 6 steps):

(4a® (c+d) (15c*+10Ccd+7d?) (11A(c—17d)d—3B(c2—9cd+56d2))Cos[e+fx})/
(3465d2f\/a+aSin[e+-Fx})+ !
3465d f

8a (5c-d) (c+d) (11A (c-17d) d-3B (c>-9cd+56d?)) Cos[e+fx]Va+aSin[e+fx] +
1

1c4 (c+d) (11A (c-17d)d-3B (c*-9cd+56d?)) Cos[e+fx] (a+aSin[e+Ffx])>?+
1155

(Za2 (11A (c-17d)d-3B (c*-9cd+56d*)) Cos[e+fx] (c+dSin[e+-Fx])3)/

2a2 (3 -4d) - d) c f d si £x])*
(693d2-F\/a+aSin[e+-Fx] )+ a? (3B (c-4d) -11Ad) Cos[e+fx] (c+dSin[e+fx])

99d2f+/a+aSin[e + fx]
2aBCos[e+fx]Va+aSin[e+ fx] (c+dSin[e+-Fx})4

11d f
Result (type 3, 1101 leaves):
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1

55440 f (Cos[% (e+fx)]+sin[> (e+-FxH)3
(a(1+sinfe+fx]))*? —166320AC3C05[1 (e+Fx)] —1108808c3Cos[l (e+Fx)] -
2 2

33264(aAchCos[l (e+fx)] —29106@Bc2dCos[1 (e+fx)] -
2 2

291960AchCos[l (e+fx)] -24948<a|3chcOs[l (e+fx)] -8316@Ad3cOs[l (e+fx)] -
2 2 2

7623e>Bd3Cos[1 (e+fx) ] -1848@)Ac3Cos[E (e+fx) ] -277203(:3Cos[E (e+fx)] -
2 2 2
83160Ac20|Cos[E (e+fx)] —693008c2dCos[i (e+fx)] —69306Acd2Cos[i (e+Fx)] -
2 2 2
693@(chch05[E (e+fx)] —23100Ad3COS[E (e+fx)] —207908d3COS[E (e+Fx)]+
2 2 2

5544|3c3cOs[E (e+fx)] +16632Ac2chs[E (e+fx)] +249483c2ch5[E (e+fx)]+
2 2 2

24948Acd2Cos[E (e+fx” +24948Bcd2Cos[E <e+fx)] +8316Ad3Cos[E (e+fx)]+
2 2 2

9@09Bd3cO5[E (e+fx)] +594(a|3c2dCos[Z (e+fx)] +594(aAchCos[Z (e+fx)]+
2 2 2

89108cd2Cos[Z (e+fx)]+2976 Ad® Cos
2

—

7 (e+-FxH +34658d3Cos{Z (e+FxH -
2 2

(e #x)] ~11558. Cos[ * e £x) ] -

231<chdZCos[2 (e+fx)]-770Ad?Cos|
2 2

N | O

1 (e+fx)] +1108808c3sin[l (e+fo +

3153d3cOs[E (e+fx)]+166320A 3 Sin|
2 2

N

332640Ac?dSin[~ (e+fx) | +291060Bc2dSin[~ (e+fx)| +291060Acd?Sin|

N |

(e+fx>] +

N |

(e+fx)] +8316@Ad351n[l (e+fx)]|+76230Bd>Sin|

249480 B c d’ Sin|
2

N |

(e+'FXH -

1848<aAc3Sin[i (e+fx)] -2772<ch3Sin[i (e+fx)] -8316<aAchSin[i (e+fx)]-

2 2 2
e'>93<aersc2dsin[i (e+fx)] -69300AchSin[z (e+fx)] -6930@Bcdzsin[i (e+fx)] -
2 2 2
231@9Ad351n[E (e+fx)] _207993(13‘Sin[z (e+fx)] _5544Bc351n[E (e+fx)] -
2 2 2
166:-32A<:20|s.in[E (e+fx) | _2494813c2c|51n[E (e+fx) | -24948Acclzsin[E (e+fx)] -
2 2 2
5

24948Bcd?Sin[ = (e+fx) | —8316Ad3Sin[E (e+fx)] —90@98d3sin[5 (e+fx)]+
2 2 2

5940Bc2dSin[Z (e+fo +5940AchSin[Z (e+fo +89108chSin[Z (e+fx” +
2 2 2

2970Ao|351n[Z (e+fx)] +3465|30|3Sin[Z (e+fx)] +231e|3cdzsin[2 (e+fx)]+
2 2 2

770Ad351n[g (e+fx) | +11553d351n[g (e+fx) | -3155d351n[11

A A ?(eﬂcxﬂ
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Problem 297: Result more than twice size of optimal antiderivative.

(a+aSin[e+-Fx])3/2 (A+BSinf[e+fx])
dx
J c+dSin[e+ fx]

Optimal (type 3, 153 leaves, 4 steps):

2a%? (c-d) (Bc-Ad) ArcTanh [ —-2 d Cos[e+fx]

W c+d ~/araSin[e+f x]
+

d>’2+/c+d f
2a? (3Bc-3Ad-4Bd) Cos[e+fx] 2aBCos[e+fx]Va+asSin[e+fx]
3d2f+/a+aSinfe + fx] 3df

Result (type 3, 356 leaves):
1

6ds5/2 £ (Cos[i (e+-FxH +Sin[i (e+‘FX)])3

(a(1+sinfe+fx]))*?|-6+/d (-2Bc+2Ad+3Bd) Cos[l (e+Fx)] —ZBd3/2Cos[z (e+Fx)] -

2 2

1

3 (c-d) (Bc-Ad) e+1:x—2Log[Sec[l (e+1:x)]2] +2Log[—Sec[l (e+-FxH2

4 4

c+d++/d Vc+d Cos[1 <e+fx)] -+/d c+d Sin[1 (e+fx>] 1+
2 2

0
+
a

3(c-d) (Bc-Ad) |e+fx-2Log[Sec| (e+-Fx)]2]+2Log[

AR

e
(c+d) Sec{l (e+Fx)]2+ﬁm —1+2Tan[l (e+fx)] +Tan[l (e+fx)}2]]] +

4 4 4

6/d (-2Bc+2Ad+3Bd) Sin[1 (e+fx>] —ZBd3/ZSin[i (e+fx)]
2 2

Problem 300: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aSin[e+fx])5/2 (A+BSin[e+fx]) (c+dSin[e+fx])>dx

Optimal (type 3, 534 leaves, 7 steps):
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~[(4a* (c+d) (152410 cd+7d?)

(13Ad (3c®-38cd+355d%) -B (15¢®>-150c*>d + 799 c d® - 4184 d°) ) Cos[e+-Fx])/
1

45045 d? f
(13Ad (3c®-38cd+355d*) -B (15¢>- 150 c*>d + 799 c d® - 4184 d°) )

1
15015d f
4a(c+d) (13Ad (3c*-38cd+355d%) -B (15> -150c*d+799 cd* - 4184 d) )
Cos(e+fx] (a+asSinfe+Ffx])>?-

(2a3 (13Ad (3c*-38cd+355d%) -B (15¢-150c®d+799 cd® - 4184 d°))

(45045d3f\/a+asin[e+fx1))— 8a’ (5c-d) (c+d)

Cos[e+fx]Va+aSin[e+fx] -

Cos[e + f x] (c+dSin[e+-Fx])3)/(9009d3f\/a+asin[e+fx] )7
(2a% (15Bc?-39Acd-75Bcd+299Ad”+ 280 B d?) Cos[e+fx] (c+dSinfe+fx])*| /
1

143 d? f
2a% (5Bc-13Ad-16Bd) Cos[e+fx] Va+aSin[e+fx] (c+dSinfe+fx])*-

2aBCos[e+fx] <a+aSin[e+Fx]>3/2 (c+dSin[e+-Fx])4

13df

(1287d3F\/a+aSin[e+fx1 )+

Result (type 3, 1565 leaves):

Bd* Cos[2 (e+fx)] (a (1+Sinfe+fx]))*?

+

416 f (Cos[% (e+fx)]+sin[> (e+-Fx)])5
((40Ac3+308c3+90Ac2d+7SBc2d+78Acd2+69Bcd2+23Ad3+21Bd3)

(a (1+Sin[e+fx]))5/2]/

((—i—%) Cos[i (e+fx)]+ (i_ll_6) Sin[% (e+fx)]

; )

((40Ac3+308c3+90Ac2d+788c2d+78Acd2+698cd2+23Ad3+218d3)

(a (1+Sin[e+fx}))5/2]/

Cos[% (e+Fx)]+sin[= (e+fx)]

1
2

((—L+j—) Cos[l (e+fx)]+ (i+i) Sin[l (e+fx)]

16 16 2 16 16 2
5
; )

((86Ac3+88Bc3+264Ac2d+240Bc2d+240Acd2+2288cd2+76Ad3+71Bd3)

(a(1+sinfe+fx]))*>? [(—i+
192 192

\ ]

((8@Ac3+88Bc3+264Ac2d+240Bc2d+240Acd2+2288cd2+76Ad3+7le3)

Cos|

(e+fx)]- (]-:917+ 122) Sin[z (e+fx)]

|/

3
2

Cos[% (e+fx)] +Sin[§ (e+fx)]

(a(1+sinfe+fx]))*? [(,i,i
192 192

(e+fx)] - (i L) Sin[z (e+fx)]

Cos| -
192 192

3
2

|/
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: ]

((16Ac3+4GBC3+120Ac2d+144Bc2d+144Acd2+1SOBcd2+56Ad3+51Bd3)

Cos[i (e+fx)] +Sin[§ (e+fx)]

1 i 5 1 i 5
a (1l+Sin[e+fx] 5/2[(——— Cos|— (e+fx —( —)Sin — (e+fx
( ( ' ' >> 320 320 [2 ( ' )] 3204F320 [2 < : )]
5
[f Cos[l(e+fx)}+$in[l<e+fx)] ]+
2 2

((16Ac3+408c3+120Ac2d+144Bc2d+144Acd2+1503cd2+50Ad3+513d3)

(a (1+Sin[e+fx}))5/2((329+320 Cos[z(eJrfx)]f(if?’%) Sin[%(em‘x)]

Cos{i (e+fx)] +Sin[§ (e+fx) |

: )

((4Bc3+12Ac2d+3eBc2d+30Acd2+39Bcd2+13Ad3+1SBd3) (a(1+sinfe+fx]))*?

)/

Cos[z (e+fx)]+ (i—i) Sin[g (e+fx)]

: )

((4Bc3+12Ac2d+3GBc2d+30Acd2+39Bcd2+13Ad3+1SBd3) (a(1+sinfe+fx]))*?

)/

[z
. —
224 224

Cos[% (e+fx)] +Sin[§ (e+fx)]

7

Cos
[ 2

(e+fx)]+ (2;4+ﬁJ Sin[% (e+fx) |

\ ]

((68c2+6Acd+15Bcd+5Ad2+7Bd2) (a(1+sinfe+fx]))*?

[z
224 224

Cos[% (e+fx)] +Sin[§ (e+fx)]

1 1

(( —_— Ji—)dCos[g(e+1‘:xH+(— i—)dsin[g(e+fx””/

288 288 288 288

: ]

((68c2+6Acd+1SBcd+5Ad2+7Bd2) (a(1+sinfe+fx]))*?

Cos[% (e+fx)] +Sin[§ (e+fx)]

1 i 9 1 i 9
[(7—+ )dCos[*(e+fX)}+(—+ )dSln[f(eJr-FxH
288 288 2 288 288 2

|/

5
]+ (<GBC+2Ad+SBd) (a (1+sinfe+fx]))>?

|/

5
]+ ((63c+2Ad+5Bd) (a (1+sinfe+fx]))>?

|/

Cos[i (e+fx)] +Sin[1 (e+fx)]

[f
[f

dZCos[E
2

(e+fx)] - (7:4+724) dZSin[% (e+fx)]

56
-— 4+
704 704

Cos[% (e+fx)] +Sin[1 (e+fx)]

(e+fx)]- (i L) dZS.in[E (e+fx)]

, 11
d? Cos | -
704 704 2

2

(( BN
704 704
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Cos|

5] Bd® (a (1+Sin[e+1:x}>)5/2$in[% (e+fx)]

N |

1
(e+-FxH +Sln[g <e+-Fx)]

[f

Problem 301: Result more than twice size of optimal antiderivative.

416 f (Cos[i (e+fx)] +Sin[§ <e*‘cx>])5

j(a+a$in[e+fx])5/2 (A+BSin[e+fx]) (c+dSin[e+fx})2d1x

Optimal (type 3, 429 leaves, 6 steps):
-((Za3 (15c2+1ecd+7d2) (11Ad (c2—10Cd+73d2) -B (5c3-4ec2d+169cd2-719d3))
1

3465 d* f
43’ (5c-d) (11Ad (c®-10cd+73d*) -B (5c*-40c*d+169cd’-710d%))
1

1155d f

2a (11Ad (c*-10cd+73d*) -B (5¢>-40c*d+ 169 cd®-710d%))
3/2
N

Cos[e+Fx1)/(3465d3F\/a+aSin[e+fx] )) -

Cos[e+fx]Va+aSin[e+Ffx] -

Cos[e+fx] (a+aSin[e+fx])
(Za3 (11A (3c-19d) d-B (15c*-65cd+194d?*)) Cos[e + fx] (c+dSin[e+-Fx})3)/

(693d3-F\/a+aSin[e+fx] )+
99 d? f

2a? (5Bc-11Ad-14Bd) Cos[e+fx] v/a+aSin[e+fx] <c+dSin[e+fX]>3—
2aBCos[e+fx] <a+aSin[e+-Fx]>3/2 (c+dSin[e+-Fx])3

11df

Result (type 3, 891 leaves):
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1

- (a(1+sinfe+Fx]))%?
55440 f (Cos[% (e+fx)]+sin[> (e“‘:XH)

[7277200ACZCOS[1 (e+fx)] 72@79OOBC2COS[E (e+fx)] —415800Achos[1 (e+fx)] -
2 2 2

36@36(chch5[1 (e+fx)] —180180Ad2Cos[1 (e+fx)] —15939OBd2COS{1 (e+fx)] -
2 2 2

462(aeAcZCos,[i (e+fx)] -seszaacZCos[i (e+fx)]-101648AcdCos]|
2

N W

(e+-Fx)] -

fw ™
| W

92400BcdCos|— (e+fx)|-46200Ad*Cos|— (e+fx) | -4389@)Bd2cos[i (e+fx)]+
2

— N
— N

e+-FxH +27720Achos[5 (e+fx” +

5544 A c? Cos |
2

e+fx” +13860 B c? Cos |

N w
N w

| v

33264BcdCos|~ (e+fx)] +16632Ad> Cos|

N w

(e+fx)] +173258chOs[E (e+fx)]+
2

— N

7
e+-FxH +3960AcdCos|— (e+1°x)] +9900 B c d Cos |

1980 B c? Cos |
2

(e+fx)]+

NN N
N[N

4950 Ad® Cos | — (e +fx) | +6435|30|2cOs[Z (e+fx)] -154eBco|Cos[g (e+fx)] -
2 2 2

770Ad2Cos[g (e+fx)] —19258d2Cos[g (e+fx)] —315Bd2Cos[E (e+fx” +
2 2 2

27720@Ac251n[1 (e+fx)] +207900B c?Sin|
2

N |

(e+fx)] +415800AcdsSin[~ (e+fx) ]|+

[N

: (e+fx)] +18(a18@AdZSin[1 (e+fx)]+159398Bd?Sin[~ (e+fx)| -
2 2
(

— N

e+fx)] -5@)82<chZSin[i (e+fx)]-101646 AcdSin]

462(a<aAcZSin[i e+fx)]-
2 2

N W

924<aeBcdSin[E (e+fx)] -462<aeAdZSin[z (e+fx)] -4389esdzsin[z (e+fx)]-
2 2

(e+fx)] —27726AcdSin[5 (e+fx)] -

5544 A c? Sin|
2

Nw

e+fx)| -13860Bc?Sin
( )]

Nw

.5
33264BcdSin| -

2
(

(e+fx)] —16632Adzsin[5 (e+fx)]|-17325Bd’Sin[ = (e+fx) | +
2

N u

e+fx)] +3960Acd$in[Z (e+fx)] +99@0|3cd$in[Z (e+fx)]+

1980 B c* Sin|
2 2

NN [N

4950 Ad® Sin| — (e +fx) | +6435BdZSin[Z (e+fx)] +154<chdSin[g (e+fx)]+
2 2 2

770Adzsin[2 (e+fx)] +1925BdZSin[2 (e+fx)] -315:3(1251n[E (e+fx)]
2 2 2

Problem 302: Result more than twice size of optimal antiderivative.

J(aJraSin[eJr-Fx])S/2 (A+BSin[e+fx]) (c+dSin[e+fx]) dx

Optimal (type 3, 212leaves, 6 steps):
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64a> (21Ac+15Bc+15Ad+13Bd) Cos[e + fx]

315f+a+asSin[e+ fx]

16a* (21Ac+15Bc+15Ad+13Bd) Cos[e + fx] Va+asSinfe + f x]

315 f
2a(21Ac+15Bc+15Ad+13Bd) Cos[e+fx] (a+aSin[e+fx])>?
105 f )
2 (9Bc+9Ad-2Bd) Cos[e+fx] (a+aSin[e+fx])>? 2BdCos[e+fx] (a+aSinfe+fx])”?
63 f ) 9af

Result (type 3, 673 leaves):
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([(20Ac+15Bc+15Ad+13Bd) cOs[1 (e+fx)] (a (1+Sin[e+1‘x]))5/2)/
2

(e+fx)] (a <1+Sin[e+fx]))5/2)/

5

Cos[1 (e+fx)] +Sin[l (e+fx)] i

[4f
2 2

((10Ac+1ch+11Ad+leBd) Cos |

N W

+

[121c (Cos[% (e+fx)] +Sin[§ (e+fx)]

(2Ac+5Bc+5Ad+6Bd) Cos[> (e+fx)] (a (1+sinfe+fx]))*? .
(

e+fx) | +Sin{% (e+-FxH)5

20 f (Cos[%

(2Bc+2Ad+5Bd) Cos[% (e+fx)] (a(1+Sinfe+fx]))>?

56 f (Cos[% (e fx)]+sin[> (E+-FX)])5

BdCos[% (e+fx)] (a (1+Sin[e+1‘:x}>)5/2

+

72 f (Cos[i (e+fx)]+sin[2 (e+-Fx)])s

((20Ac+15Bc+15Ad+13Bd) Sin[l (e+fx)] (a <1+Sin[e+fx]))5/2)/
2
5

[4-F Cos[i (e+fx” +Sin[% (e+-Fx)]

((10Ac+11Bc+11Ad+1eBd) (a (1+Sin[e++xj))5/251n[i (e+Fx)]

5) ?

(2Ac+5Bc+5Ad+6Bd) (a (1+Sin[e+fx]))5/zsin[§ (e+fx)]

/

(e+-Fx)] +Sin[1 (e+fx”

[12'F
2

Cos |

N |

+

20 f (Cos[i (e+fx)]+sin[? (e+fx>”5

(2Bc+2Ad+5Bd) (a <1+Sin[e+fx]))5/zsin[§ (e+Fx)]

+

56 f (Cos[i (e+fx)] +Sin[% (e+fx)])5

Bd (a (1+Sin[e+fx]))5/zsin[§ (e+Fx)]

726 [Cos[} e fx)] esin[ 2 (e £x)])’

Problem 304: Result more than twice size of optimal antiderivative.

J(a+asin[e+fx])5/2 (A+BSin[e+fx]) 5
X

c+dSin[e+ fx]

Optimal (type 3, 218 leaves, 5steps):
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2 a%/2 (cfd)2 (Bc-Ad) ArcTanh | —2 d Cos[e+fx]

c+d a+aSin[e+fx]

+

d/2~/c+d f
2a° (5A(3c-7d)d-B(15c¢?-35cd+32d?)) Cos[e+fx]

+

15d3f+/a+asSin[e+ fx]

2a% (5Bc-5Ad-8Bd) Cos[e+fx]Va+raSin[e+fx] 2aBCos[e+fx] (a+aSin[e+fx])>?
15d? f

Result (type 3, 450 leaves):
1

30d7/2 f (Cos[i (e+fx)]+sin[? (e+1cx>”5

5df

(a(1+sinfe+fx]))*? [30\5 (Ad (-2c+5d) +B(2c*-5cd+5d?)) Cos[~ (e+fx)] -

= N

5d*2? (-2Bc+2Ad+5Bd) cOs[i (e+Fx” +3BdS/2cOs[E (e+fx)] +
2 2 c+d
15 (c-d)? (Bc-Ad)

e+fx-2Log|Sec| (e+1‘x)]2] +2Log[-Sec]| (eJr-I:xH2

F

1
4
]

(c+d+ﬁﬁ€os[ (e+fx) —\Hmsin[i (e+fx”)]] -
]

N |

1

15 (c-d)? (Bc-Ad)

e+1‘=x—2Log[Sec[l (e+fx)]2 +2Log|

c+d 4

<c+d> Sec[1 (e+fx)]2+\/?\/c+d —1+2Tan[

1 1 2
. Z(e+fx)]+Tan[Z(e+fo]])Jr
30/d (Ad(-2c+5d) +B(2c2-5cd+5d?)) Sin[% (e+Fx)] -
5d*2 (-2Bc+2Ad+5Bd) Sin[z (e+fx)] -3Bd5/251n[§ (e+fx)]

Problem 307: Result unnecessarily involves imaginary or complex numbers.
j(A+BSin[e+fx]) (c+dsinfe+fx])?

dx

a+aSinfe+fx]

Optimal (type 3, 284 leaves, 7 steps):
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V2 (A-B) (c-d)?ArcTanh| a Cos[e+fx]
A2 \/a+aSin[e+fx]

Va f
(4 (7Ad(21c*-12cd+7d*) +B (36> -63c*d+144cd®-37d%)) Cos[e+-Fx})/
(105-F\/a+aSin[e+-Fx])— !
105af

2d (7A(9c-d)d+B (24c®-15cd+31d*)) Cos[e+fx] Va+aSin[e+fx] -
2 (6Bc+7Ad-Bd) Cos[e+fx] (c+dSin[e+fX}>2 2BCos[e+ fx] (c+dSin[e+fx}>3

35 f+/a+asSin[e+fx] 7f+/a+aSin[e+fx]

Result (type 3, 375leaves):
1

Cos[~ (e+fx)|+Sin[= (e+Fx)]

N |
N |

420 f.[a (1+Sin[e+fx])
((840+8401’1) (-1)** (a-B) (C—d)BArcTanh[(iJri—] (-1)%* (—1+Tan[4l (e+fx)]|] -

105 (4Ad (6c*-3cd+2d?) +B (8c®-12c*d+24cd*-5d°)) Cos[1 (e+fx)]-
2
3

35d (2A (6c-d) d+B (12c’-6cd+5d*)) Cos| (e+fx)] +

N

21d* (6Bc+2Ad-Bd) Cos[E (e+fx)] +1SBd3Cos[Z (e+fx)]+
2 2
105 (4Ad (6c*-3cd+2d?) +B (8c®-12c*d+24cd*-5d°)) Sin[1 (e+fx)]-
2

35d (2A (6c-d) d+B (12c’-6cd+5d*)) Sin[i (e+fx)]+
2

21d? (-2Ad+B (-6c+d)) Sin[E (e+fx)] +15|3d351n[Z (e+fx)]
2 2

Problem 308: Result unnecessarily involves imaginary or complex numbers.

J<A+Bsin[e+fx]) (CerSin[eJr-Fx])2 ;
X

a+aSinfe+fx]
Optimal (type 3, 200 leaves, 6 steps):

V2 (A-B) (c-d)?ArcTanh| —2Coslesfx]

\[2 \[a+aSin[e+fx]

Va f

4 (5A(3c-d)d+B(6c*-7cd+7d?)) Cos[e+fx]

15f+/a+aSin[e + fx]

2d (4Bc+5Ad-Bd) Cos[e+fx] Va+aSin[e+fx] 2BCos[e+fx] (c+dSin[e+1Cx])2

15af 5f+a+asSin[e+fx]

Result (type 3, 246 leaves):
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(e+fx)}

N |

(e+-Fx)] +Sin|

N |

= Cos[
30'F\/a (1+sinfe+fx])

1 1
-, =t

((60+601’L) (-1)%* (a-8) (c—cl)ZArcTanh[(2 2

(~1)>4 (—1+Tan[%(e+1‘=x” ] -

30 (A(4c-d)d+2B (c*>-cd+d?)) Cos|[~ (e+fx)]+

5d (-2Ad+B [ 4cd)] Cos[% e+ Fx)

<e+'FX)] +

1
2
]+BBd2Cos[E (e+fx)]+
2
30 (A(4c-d)d+2B (c?-cd+d?)) Sin[1
2
]

5d(-2Ad+B (-4c+d)) Sin[% (e+fx) —BBdZSin[; (e+fx)]
Problem 309: Result unnecessarily involves imaginary or complex numbers.

J(A+BSin[e+-Fx]) (c+dsinfe+fx]) ;
X
va+aSinfe + f x]

Optimal (type 3, 130leaves, 5steps):

a Cos[e+fXx]

/2 (A-B) (c-d) ArcTanh| ]
A2 \/a+aSin[e+fx]
Va f

2 (BBC+3Ad—2Bd) Cos[e+fx] 2BdCos[e+fx]Va+aSin[e+fx]
3af

3f+a+asin[e+fx]

Result (type 3, 135leaves):

7( Cos[%(e+fx)}+sin[§<e+fx)]
(—1)3/4 (A-B) (c-d) Ar‘cTanh[[iJrif) (—1)3‘/4 [—1+Tan[i <e+-Fx)] |+

((76761'1)

2 Cos[% (e+fx)] —Sin[i (e+fx)])

]/ (B-F\/a (1+sin[e+fx]) ))

(3Bc+3Ad-Bd+BdSin[e+fx])

Problem 310: Result unnecessarily involves imaginary or complex numbers

A+BSin[e + fx]
j dx
va+aSin[e+ fx]

Optimal (type 3, 79leaves, 3 steps):

a Cos[e+fx]

V2 (A-B) ArcTanh|
N2 +/a+asin[e+fx] 2BCos[e+fx]

Va f f/a+aSin[e+ fx]
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Result (type 3, 106 leaves):

[2

Cos{i (e+fx)] +Sin[§ (e+fx) |

((1“1) (-1)** (A-B) Ar‘cTanh[(l+ ji] (-1)%* [—1+Tan[

2 2
B (—Cos[

(e+-FxH)} +

])/( Ja (1+Sinfe+fx]) )

Problem 311: Result unnecessarily involves imaginary or complex numbers.

SR

N |

(e+-Fx>] +Sin[% (e+-Fx

A+BSin[e+ fXx]

dx

J\/a+aSin[e+1°x} (c+dsinfe+fx])

Optimal (type 3, 136 leaves, 5steps):

V2 (A-B) ArcTanh[—/2Coslesfxl ] 5 (B¢ _Ad) ArcTanh[ L2 L& Coslesfx]

A2 \/a+aSin[e+fx] \c+d \/a+aSin[e+fx]
Va (c-d)f Va (c-d)d Vec+d f

Result (type 3, 238 leaves):
1

( )\/—\/c+d -F\/ 1+Sin] e+-Fx])

(,1>3/4(<2+21> (A-B) WmArcTanh[[—+;) (-1)%* (—1+Tan[i(e+fx)] ]+ (-1)%*
(Bc-Ad) Log[Sec[i(eJrfo (er\/d_Cos[i(eJrfx)]f\/?Sin[%(e+fx>] | -

Log[Sec[‘l1 (e+fx)]2 {m—\/?Cos[i (e+fx” +\/?Sin[§ <e+fx)]

)

Cos[% (e+fx)] +Sin[§ (e+fx)]

Problem 312: Result unnecessarily involves imaginary or complex numbers.

A+BSin[e + fXx]

dx

J\/aJraSin[eJr-Fx} (CerSin[eJr-Fx])2

Optimal (type 3, 207 leaves, 6 steps):
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V2 (A-B) ArcTanh]| a Cos[e+fx]

\2 \Ja+aSin[e+fx]
+
Va (c-d)*f
(Ad (3c+d) -B (c?+cd+2d?)) ArcTanh [ —2d Coslesfxl ]
\c+d +/a+aSin[e+f x]
Va (c-d)*+/d (c+d)*?f

(Bc-Ad) Cos[e+fx]

(c2-d?) fa+asSin[e+fx] (c+dSinfe+fx])

Result (type 3, 374 leaves):
1

Cos|

N R

(e+fx)]+sin]

N |

(e+Fx)]

4 (c—d)zf\/a (1+sin[e+fx])

(8+81) (-1)** (A-B) Ar‘cTanh[[§+ %) (-1)%* (—1+Tan[i (e+fx)]

] _

1

Jd <c+d)3/2

(—Ad(3c+d>+B(c2+cd+2d2)>

e+-Fx72Log[Sec[1 (e+fx”2} +
4

2Log[Sec[i <e+fx)]2 [m+\/?Cos[§ (e+fx)} —\/?Sin[i (e+fx)] ]) +
W(—Ad (3c+d) +B(c*+cd+2d?)) e+-Fx—2Log[Sec[41 (e+fx”2} +

2Log[Sec[i (e+fx)]2 [mf\/?COS[i (e+fx)] +\/?Sin[§ (e+fx)]

] -

4 (c-d) (Bc-Ad) (Cos[% (e+Fx)] —Sin[% (e+1:x)]>

(c+d) (c+dsinfe+fx])

Problem 313: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A+BSin[e+ fXx]

dx

J\/aJraSin[eJr-Fx} (CerSin[eJr-Fx])3

Optimal (type 3, 309 leaves, 7 steps):
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V2 (A-B) ArcTanh]| a Cos[e+fx]

\2 \Ja+aSin[e+fx]
+
Va (c-d)’f

(Ad (15c2+1ecd+7d2) -B (3c3+6c2d+19cd2+4d3))

\E\HCos[ewa]

Ve+d \/a+aSin[e+Fx]
(Bc-Ad) Cos[e+fx]

ArcTanh [

}J/ (4@ (c-d)*Vd (c+d)*? | -

+

2 (c2-d?) fv/a+asinfe+fx] (c+dSin[e+1‘x])2
(Ad (7c+d) -B(3c?+cd+4d?)) Cos[e+fx]

4 (czfdz)zf\/a+asin[e+fx} (c+dsinfe+fx])

Result (type 3, 847 leaves):
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1 i
((2+2]1) (A -B) Ar‘cTanh[(erf

S5 (—1)3/4Sec[

|/

(1)@ 3 (-1)¥ e das (1) e~ (-1)V* &) £1[a [1rSinlefx]) | -

(e+Fx” Cos | (e+-Fx)]—Sin[ (e+fx>]

]

ENII
IS
IS

Cos[i (e+fx” +Sin[% (e+-Fx)]

((—Ad (15c*+10cd+7d*) +B (3> +6c?d+19cd’ +4d’)) (e+1cx—2Log[Sec[1 (e+fx)]2} +
4
1

]
2
]/ (16 (c-d)’d (C+d>5/2f\/a (1+sinfe+fx]) )+

2Log[Sec[% (e+fx”2 (m+\/d_Cos[§ (e+fx)] —\/?Sin[ (e+fx)}

Cos[% (e+fx)] +Sin[§ (e+fx)]

((—Ad (15c*+10cd+7d*) +B (3> +6c?d+19cd’+4d’)) (e+1‘:x—2Log[Sec[l (e+fx)]2} +
4

]

1
2

2Log[Sec[% (e+-FxH2 (m—\/?Cos[% (e+1°x)] +\/?Sin[ (e+fx”

Cos[%(e+fx)}+$in[%(e+1:x)] ]/(16 (c—d)S\/F(Cer)S/Zf\/a (1+sinfe+fx]) )+
Cos[%(e+fx)]+$in[%(e+1:x)]
—BcCos{%(e+FxH+AdCos{%(e+Fx)]+BcSin[§(e+fx)]—AdSin[%(e+fx>] )/

(2 (c-d) (c+d) -F\/a (1+sinfe+fx]) (c+dSin[e+-Fx])2) +

Cos[1 (e+Fx)] +Sin[l (e+Fx)]
2 2
1 1 1
-3Bc?Cos|[~ (e+fx)]+7AcdCos[~ (e+fx)]|-BcdCos[~ (e+Fx) |+
2 2 2
AdZCos[l (e+fx)} —4Bd2Cos[1 (e+-Fx>] +BBczsin[1 <e+-Fx)] -7Acd
2 2 2

Sin[1 (e+fx)] +|3cd$in[l (e+fx)] -AchSin[1 (e+fx)] +43dZSin[1 (e+fx)]
2 2 2 2

(4 (c—d)2 (c+d)2-F\/a (1+sinfe+fx]) (c+dSinfe+fx])

|/

Problem 314: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J<A+Bsin[e+fx]) (CerSin[eJr-Fx])3 4
X

(a+asinfe+fx])>?

Optimal (type 3, 283 leaves, 7 steps):
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(c-d)? (3B (c-5d) +A (c+11d)) ArcTanh | —2-Coslerfx]
W2 +Ja+rasin[e+fx]
N +

2~/2 a3/2 f

(d (15Ac?-99Bc?-120Acd+168Bcd+65Ad? - 93Bd?) Cos[e+Fx]) /

i d? (15Ac-51Bc-35Ad+39Bd) Cos[e+fx] Va+aSin[e+fx]
(15af\/a+a51n[e+fx])+ ; +
30a°f

(5A-9B) dCos[e+fx] <c+dSin[e+-Fx]>2 (A-B) Cos[e+fx] (c+dSin[e+-Fx])3

10af+a+aSin[e+ fx] 2f (a+asinfe+fx])>?

Result (type 3, 684 leaves):
1

1 1
Cos |~ <e+fx)] +Sin| = (e+-FxH
60 f (a (1+Sin[e+fx]))>? 2 2

730Ac3Cos[l (e+fx” JrBOBCE’Cos[1 (e+fx)] +90Ac2dCos[1 (e+fx)] -
2 2 2

27<ch2chs[1 (e+fx)] —270Acd2Cos[l (e+fx)] +33<>)E;cd2cOs[1 (e+fx)]+
2 2 2
110Ad3Cos[1 <e+fx)] —1658d3Cos[l (e+fx)] —1808c2dCos[i (e+fx>] -
2 2 2
[ (e+-FxH+79Ad3Cos{i(e+Fx)]—
2
3
2

180 A c d? Cos (e+fx)]+210Bcd2Cos{

N W
N

123Bd>Cos|[~ (e+fx)| +30Bcd?Cos[~ (e+fx)| +18Ad>Cos[~ (e+fx)]| -

N
R |

9Bd’Cos|[~ (e+fx) | +3Bd3cOs[Z (e+fx)] +3<aAc3Sin[l (e+fx)] -
2 2 2

[l (e+fx)] —90Ac2dSin[l (e+fx)]+270Bc*dsin|

2 2

N =

e+-Fx>] +

(e+fx)] -33913chSin[1 (e+fx)]-118Ad*Sin]
2

270 A c d? Sin (e+fx)]+

N R
> N R

165Bd*Sin[~ (e+fx) ]+ (30+301) (-1)** (c-d)® (3B (c-5d) +

]

(e+fx)] —180AchSin[z (e+fx” +2108chSin[i <e+fx)] +
2 2

[
% (c+11d))
Cos[% (e+fx)] +Sin[§ (e+Fx)] .

1 1
Ar‘cTanh[ [f + —

e (—1)3/4[—1+Tan[1<e+fx)]

4

180 B c?dSin|

N W
| w

70Ad3Sin[ (e+-FxH—123Bd3Sin[ (e+-FxH—3eBchSin[ (e+-FxH—

>
2

— N

e+fx)] +3Bd351n[Z (e+fx)]

10 Ad?Sin|
2

e+fx)| +9Bd?Sin
( )]

N U N W
N !

Problem 315: Result unnecessarily involves imaginary or complex numbers.

(A+BSinf[e+fx]) (CerSin[eJr-Fx])2
J dx

(a+asinfe+fx])>?



Mathematica 11.3 Integration Test Results for 4.1.3.1 (a+b sin)~m (c+d sin)~n (A+B sin).nb | 211

Optimal (type 3, 203 leaves, 6 steps):

(c-d) (Ac+3Bc+7Ad-11Bd) ArcTanh | —/2Coslesfx]
\2 \Ja+asSin[e+fx]

2+/2 a¥2f

d(3Ac-15Bc-9Ad+13Bd) Cos[e + fx]

+

3af+a+aSinfe+fx]

(3A-78B) d?Cos[e+fx]Va+aSin[e+fx] (A-B) Cos[e+fX] (c+dSin[e+1:x1)2

6a’f 2F(a+aSin[e+-Fx])3/2

Result (type 3, 357 leaves):
1

Cos|

N |

(e+~Fx)] +Sin|

N |

(e+-Fx)]

6F (a (1+Sin[e+1:x}>)3/2

N |

[6 (A-B) (c—d)ZSin[ (e+fx)]-3(A-B) (c—d>2 Cos[~ (e+fx)] +Sin|

(e+-FxH) +

1
2

N |

3+3i) (-1)*% (c-d) (Ac+3Bc+7Ad-11Bd
( ) (-1)

2
+

Ar‘cTanh[(§+ i) (-1)%* (—1+Tan[i (e+Fx)]

]

(e+-Fx>] +Sin[% (e+-Fx)]

Cos[% (e+fx)] +Sin[§ (e+fx)]

2

6d (-4Bc-2Ad+3Bd) Cos|[~ (e+fx)| |Cos|

1
2

1 2
Cos |~ (e+fx” +Sin|

ZBdZCos[i (e+fx>]
2

5 <e+fx)]

2

6d (-4Bc-2Ad+3Bd)Sin|— (e+fx)] [Cos[= (e+Ffx)]+Sin[= (e+fx)]

N R NP O R

N R

N |

2

2Bd* |Cos| Sin|

N |

(e+fx)]+sin[= (e+fx)] (e+fx) |

N R

N W

Problem 316: Result unnecessarily involves imaginary or complex numbers.

dx

j(A+BSin[e+fx]) (c+dsinfe+fx])
3/2

(a+asinfe+fx])

Optimal (type 3, 133 leaves, 5steps):

(Ac+3Bc+3Ad-7Bd) ArcTanh | —2Coslefx]

V2o a+aSinf[e+f x] ]

2+/2 a2 f

(A-B) (c-d) Cos[e+fx] 2BdCos[e+fx]

Zf(a+aSin[e+fx])3/2 af+va+asin[e+fx]

Result (type 3, 246 leaves):
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1

2f (a (1+Sin[e+-Fx}>)3/2

(Cos[1 (e+fx)]+sin]

, (e+fx>])(2(AB) (c—d)Sin[i(ewa)]—

NP N R

(A-B) (c-d) |Cos| (e+-Fx)]+Sin[% (e+Fx) ]|+ (1+4) (-1)** (Ac+3Bc+3Ad-7Bd)
Ar‘cTanh[[%+§ (-1)** (—1+Tan[i(e+fx)] ] Cos[%(e+fx)]+sin{%(e+1‘x” ‘.
4BdCos[§(e+fx” Cos[%(e+fx)]+sin[§(e+fx>] 2+

]

Problem 317: Result unnecessarily involves imaginary or complex numbers.

Cos[% (e+fx)] +Sin[§ (e+fx)]

ABdSin[1 (e+fx)]
2

A+BSin[e +fx]
J dx

(a+asinfe+fx])>?

Optimal (type 3, 87 leaves, 3 steps):

a Cos[e+fx]

V2 +Ja+asin[e+fx] ] (A-B) Cos[e+fXx]

2+/2 a¥2f 2f (a+asSinfe+fx])>?

(A+3B) ArcTanh|

Result (type 3, 150 leaves):

Cos[% (e+Fx)] +Sin[§ (e+fx)]

+

Cos[% (e+fx)] +Sin[§ (e+fx)]

1
(2 (A-B) Sin[= (e+fx) ]|+ (-A+B)
2

(1+1) (1) (A+3B) ArcTanh| §+§) (-1)%* (—1+Tan[i (e+fx)]]|]
Cos[i(e+fx)}+$in[%(e+1:x)] 2])/(2f(a (1+Sin[e+fx]))3/2)

Problem 318: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BSin[e + f x] q
X
(a+asinfe+fx])*? (c+dSinfe+fx])

Optimal (type 3, 187 leaves, 6 steps):
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(A(c-5d) +B (3c+d)) ArcTanh| —2-Coslerfx]

A2 \/a+aSin[e+fx]
+
242 a¥% (c-d)*f

2+/d (Bc-Ad) ArcTanh| —*2 d Cos[e+fx] ]
Vcrd +fa+aSin[e+f x] (A-B) Cos[e+fx]
a¥?2 (c-d)?/c+d f 2 (c-d)f(a+asSin[e+fx])>?

Result (type 3, 419leaves):
1

2 (c—d)z-F (a (1+Sin[e+-Fx]))3/2

2 (A-B) (c-d) Sin[1 (e+fx)]+ (-A+B) (c-d)

(Cos[l(e+fx)]+Sin[l(e+fx>] A

2 2

+(1+1) (-1)¥* (A (c-5d) +B (3c+d))

]

(Cos[% (e+fx)] +Sin[§ (e+fx)]

2
+

i

Ar‘cTanh[[lJr—) (-1)%* (71+Tan[1 (e+Fx)] Cos[1 (e+Fx)] +Sin[l (e+Fx)]

2 2 4 2 2
1 1 2
Cer\/?(BcfAd> e+fx72Log[Sec[Z(e+fx)] ]+
2Log[Sec[i (e+fx)]2 [\/c+d +\/?Cos[§ (e+fx)] 7\/?Sin[§ (e+fx)] ])
! inf 1 e+fx 2+ !
Cos[;(e+fx)]+$1n[2( fx) | —

Vd (-Bc+Ad) (e+fx—2Log[Sec[4l(e+fx> 2}+

2Log[Sec[i <e+fx)]2

ve+d —\/?Cos[i (e+fx)} +\/FSin[§ (e+fx)]
Problem 319: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

]

Cos[% (e+fx)] +Sin[§ (e+fx)]

J A+BSin[e+fX] q
X
(a+aSin[e+-Fx])3/2 (c+dSin[e+-Fx])2

Optimal (type 3, 292 leaves, 7 steps):
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(Ac+3Bc-9Ad+5Bd) ArcTanh | —2-Coslerfx]
A2 \/a+aSin[e+fx]

2+/2 a¥% (c-d)’ f

Vd (Ad (5c+3d)-B (3c2+3cd+2d2))Ar'cTanh{ Va Vd Cos[e+fx]

Ve+d Va+aSin[e+ fx]
(a3/2 (c—d)B(c+d>3/2f)f (A-B) Cos[e+fXx]

2 (c-d) 'F(a+aSin[e+Fx})3/2 (c+dsinfe+fx])
d(B(3c+d)-A(c+3d)) Cosle+fx]

2a <c—d)2 (c+d) f+/a+asSin[e+ fx] (c+dsinfe+fx])

]

/

+

Result (type 3, 745leaves):
(-A+B) (Cos[% (e+fx)] +Sin[% (e+-FxH)2

2 (c-d)*f (a(1+Sinfe+fx]))>?

+

. 1 i
((1+1) (Ac+3Bc—9Ad+SBd>Ar‘cTanh[(—+—]

- (—1)3/4Sec[1 (e+Fx)]

4

Cos[41 (e+fx)] —Sin[i (e+fx)]

] (Cos[i (e+fx)] +Sin[l (e+fx)})3)/

2
([2(-1)"* -6 (-1)Y*c2d+6 (-1)"*cd?-2 (-1)"*d?) f (a (1+Sin[e+Fx]))>?) +

(\/?(Ad(5c+3d)+3(3c2+3cd+2d2)) :

e+ fx-2Log[sec[> (e+fx)]|’]

2 Log|Sec]| (e+-FxH2 (\/c+d +/d Cos|

F
N |

4
(e+fx)] —\/?Sin[i (e+fx)})}]

Cos[% (e+fx)] +Sin[§ (e+fx)]

3]/ (4 (c-d)® (c+d)?>?f (a (1+Sin[e+fx]>>3/2) .

(ﬁ (Ad (5c+3d)-B (3c*+3cd+2d?))

eJr-Fxszog[Sec[1 <e+fx)]2} +
4

2Log[Sec[i (e+FxH2 (mfﬁCos[i (e+Fx)] +\/?Sin[1 (e+Fx)]

]

2
Cos[% (e+Fx)] +Sin[% (e+Fx)] 3]/ (4 (c-d)? (c+d)??f (a (1+Sin[e+fx]))3/2) +
Cos[% (e+-Fx)] +Sin[§ (e+-FxH (ASin[% (e+-Fx)] —BSin[% (e+Fx” )/

((C—d)2f (a (1+Sin[e+1:x1>>3/z) .

Cos[% (e+fx) | +Sin[% (e+fx)]

’ [Bchos[% (e+fx)]-

AdZCos[i (e+fx)] —BcdSin[% (e+fx)] +AdZSin[§ (e+fx”)]/

((c—d)2 (c+d) f(a (1+Sin[e+fx}))3/2 (c+dSin[e+Fx]))
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Problem 320: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BSin[e + fXx] dx
(a+asinfe+fx])*? (c+dsinfe+fx])>
Optimal (type 3, 402 leaves, 8 steps):

(A (C*Bd) +3B (C +3d)) Ar‘cTanh[ a Cosle+fx]
N2 +Ja+rasin[e+fx]

2+/2 a3/? (c—d)“wc

Vd (Ad (35c2+42cd+19d?) -3B (5c*+10c?d+13cd?+4d?))

\/;\/?COS[E-%—'FX]

Ve+d Va+aSin[e+ fx]
(A-B) Cos[e+fx]

ArcTanh [

}J/ (4222 (c-d)* (cva)*2 ) -

+

2 (c-d)f(a+asSinfe+fx])>? (c+dsSinfe+fx])?
d(B(2c+d)-A(c+2d)) Cos[e+fx]

+

2a (c—d)2 (c+d) f+/a+asSin[e+ fx] (c+dSin[e+Fx])2
d(3B(3c?+3cd+2d*) -A(2c2+15cd+7d?)) Cos[e +fx]

4a (cfd)3 (c+d)2-F\/a+aSin[e+Fx} (c+dsinfe+fx])
Result (type 3, 1395 leaves):

[(1+11) (Ac+3Bc-13Ad+9Bd)
Ar‘cTanh[(iJri—] (*1)3/4Sec[i (e+x)]
1 o1
Cos[;(e+fx)}+$1n[;(e+1:x)] /
((2(—1)1/4c4_8(—1>1/4c3d+12<_1>1/4c d2—8(—1)1/4cd3+2 (—1)1/4d4)
f (a (1+Sin[e+fx]))3/2)+

Cos[41 (e+fx)] 7Sin[i (e+fx)]

]

3

(ﬁ (-Ad (35¢2+42cd+19d?) +3B (5c>+10c?d+13cd?+4d?))

e+1cx—2Log[Sec[l (e+fx)]2] +
4

2Log[Sec[l (e+FxH2 (m+\/d_Cos[§ (e+fx)] —\/?Sin[i (e+fx)}

4

]

3]/ (16 (C*d)“ <c+d>5/2f (a (1+Sin[e+-f:)q>>3/2) B

Cos[i (e+fx)] +Sin[% (e+fx)]

(ﬁ (-Ad (35¢?+42cd+19d?) +3B (5c>+10c?d+13cd?+4d?))

e+1‘:x—2Log[Sec[l (e+fx)]2] +
4
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1
2

]

3]/ (16 (c-d)* (c+d)*?f (a (1+Sin[e+fx}>>3/z) .

2Log[Sec[% (e+-FxH2 (m—\/FCos[i (e+fx)] +\/?Sin[ (e+fx”

Cos[i (e+fx)] +Sin[§ (e+Fx)]

1
16 (c-d)? (c+d)*f (a (1+Sinfe+fx]))>? (c+dSinfe+fx])?

Cos[% (e+fx)] +Sin[§ (e+fx)]

(—SAC“COS[l (e+fx” +88c“Cos[1 (e+fx” —8Ac3dCos[1 <e+fx)] +
2 2 2

268c3dCos[l <e+fx)] —22Ac2d2Cos[l (e+fx)] +6Bc2d2Cos[1 (e+fx)] -
2 2

10Acd®Cos|~ (e+fx)]+4Bcd®Cos| (e+-FxH+4Bd4Cos{ (e+fx”—

N |

2
1
2

N WN R

8Ac3dCos[i (e+fx)]+26Bc*dCos|[~ (e+fx)] 740Ac2d2Cos[§ (e+Fx)]+
2 2

313c2d2cOs[i (e+fx)] —25Acd3COS[i (e+fx)] +13|3cd3cOs[E (e+fx)]+
2 2 2

Ad“Cos[i (e+fx)] +ZBd4Cos[z (e+fx” +2Ac2d2Cos[E <e+fx)] -
2 2 2
9Bc2d2Cos[E (e+fx” +15Acd3Cos[E (e+fx” —QBcd3Cos[E <e+fx)] +7Ad?
2 2 2
5 5 1 1
Cos[ = (e+fx)|-6Bd*Cos|[~ (e+fx)]+8Ac*Sin[= (e+fx)|-8Bc*Sin[~ (e+fx)]+
2 2 2 2

8Ac3dSin[l (e+-FxH —26Bc3dSin[l (e+fx)} +22Ac2d25in[1 (e+fx)} -
2 2 2

GBcdeSin[l (e+fo +19Acd3Sin[l (e+fo —4Bcd3Sin[l <e+fx)] -
2 2 2

4Bd4Sin[ (e+-Fx)]—8Ac3dSin[ (e+-FxH+26Bc3dSin[ (e+fx)}—

N |
N w

N W

40Ac2d251n[é (e+fx)] +315c2dzsin[i (e+fx)] —25Acd3Sin[i (e+fx)]+
2 2 2

133cd351n[i (e+fx)] +Ad“sin[i (e+fx)] +zBd4Sin[i (e+fx)] -
2 2 2

2Ac2<:|251n[E (e+fx)] +9Bc20|251n[E (e+fx)] -15Aco|351n[E (e+fx)]+
2 2 2

9Bcd®Sin| (e+-FxH—7Ad4Sin[ (e+-FxH+6Bd4Sin[ (e+-Fx)]

N U

SRV,
N |

Problem 321: Result unnecessarily involves imaginary or complex numbers.

J(A+Bsin[e+fx}) (c+dsinfe+fx])? 5
X
(

a+aSinfe+fx])*?

Optimal (type 3, 308 leaves, 7 steps):
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1
162 a2 f
(c-d) (B(5¢?+62cd-163d?) +3A (c*+6cd+25d?)) ArcTanh| Va Cos[e+fx] ] +
V2 Ja+asin[e+fx]

d(A(9c?+36cd-93d?) +B (15c?*-228cd+197d?)) Cos[e + fx]

+

24a2f+/a+aSinfe + f x]
d> (9Ac+15Bc+39Ad-95Bd) Cos[e+fx] Va+aSin[e+fx]
48 a3 f
(3Ac+5Bc+9Ad-17Bd) Cos[e+fx] (c+dSin[e+fx])?

16af (a+asSinfe+fx])*?

(A-B) Cos[e+fx] (c+dSin[e+-Fx])3

4f (a+asinfe+fx])*?

Result (type 3, 523 leaves):
1

1 1
Cos[ = (e+fx)|+Sin[= (e+fx) |
48f (a (1+Sinfe+fx]))>? 2 2

24 (A-B) (c-d)’sin]

N |

(e+fx)]-12 (A-B) (c-d)? (Cos[

N |

(e+-Fx)] +Sin[§ (e+fx)}) +6

2

(c—d)z(B(Sc—29d)+3A(c+7d))51n[ (e+Fx)](Cos[ (e+fx)]+sin[= (e+fx)]| -

N |
N |

3
+

1
2
[%( fx>}+51n[%(e+fx)]
3d? ) A(c2+6cd+25d2))

3(c-d)?(B(5c-29d)+3A(c+7d)) |C

(3+3i) (-1)>* (c-d) (B(5c*+62cd-163

ArcTanh | (3 %) -1) 3/4( 1+Tan[i(e+fx)] ] Cos[§<e+fx)]+sin[§(e+fx” -
16Bd3Cos[3(e+Fx)] (Cos[i(e+fx)]+sin[;(e+fx)})4+

Cos[1 <e+fx)] +JiSin[1 (e+fx”
2 2

4

+ (24+24i> d? <GBc+2Ad—5Bd)

(Cos[

4
Sin [

(24+24i> d? (—6Bc—2Ad+SBd)

(Cos[% (e+fx)] +Sin[§ (e+fx)]

(icos[% (e+Fx)] +Sin[% (e+fx)]

N |

(e+Fx)] +Sin|

(e+fx”)4—

N |

16Bd® |Cos[~ (e+fx) | +Sin]|

N |

(e+'FXH

N W

(e+'FXH

N |

Problem 322: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(A+BSin[e+fx]) (c+dSin[e+1‘:x])2 ;
X
(

a+aSin[e+fx])>?
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Optimal (type 3, 219leaves, 6 steps):
1

-————(B(5c®+38cd-75d?) +A (3c?+10cd+19d?)) ArcTanh| Va Cosferfx]
162 a2 f 2 \/a+aSin[e+ fx]
(c-d) (3Ac+5Bc+5Ad-13Bd) Cos[e+fx]

} _

+

16af (a+asSinfe+fx])*?

(A-9B) d*Cos[e+fx] (A-B) Cos[e+fx] (c+dSin[e+-Fx])2

4a2f+/a+asSin[e+fx] 4f (a+asSinfe+fx])*?

Result (type 3, 544 leaves):
1

1 1
Cos[ = (e+fx)]|+Sin[= (e+fx) ]
32f (a (1+Sinfe+fx]))%? 2 2

711Ac2Cos[l (e+fx” JrBBCZCos[1 (e+fx” +6Achos[1 (e+fx)] +
2 2 2

1(&)Bchos[1 (e+fx)] +5AdZCos[l (e+fx)] 745Bd2COS[1 (e+fx)] -
2 2 2

3Ac2Cos[i (e+fx>] —SBCZCos[i (e+fx)] —10Achos[i (e+fx” +

2 2 2
ZGBchos[i (e+1:x)] +13Ad2Cos[i <e+fx)] —GQBdZCos[z (e+fx>] +
2 2 2
16Bd2Cos[E (e+-FxH +11Aczsin[1 (e+fx)] —3Bczsin[l (e+-FxH -
2 2 2
1 1 1

6AcdSin[= (e+fx)|-18BcdSin[ =~ (e+fx)]|-5Ad?Sin[= (e+fx) ]+
2 2 2

45|3dzsin[l (e+fx)]+(2+21) (-1)¥* (B (5c*+38cd-75d%) +A (3c?+10cd+19d?))
2
]

<e+-Fx)] —10AcdSin[

Cos[% (e+fx)] +Sin{l (e+fx)] ‘.

Ar‘cTanh[(§+i—) (-1)** [—1+Tan[l<e+fx)] 5

4

3Ac?Sin| (e+-Fx>]—5Bczsin[ (e+fx”+

Nl w

3 3
2 2

2sBcc|Sin[i (e+fx)] +13Ad251n[i (e+fx)] -
2 2

69Bd251n[i (e+fx)] —16BdZSin[5 (e+fx)]
2 2

Problem 323: Result unnecessarily involves imaginary or complex numbers.

(A+BSin[e+fx]) (c+dSin[e+fx])
J dx

(aJraSin[eercx])S/2

Optimal (type 3, 151 leaves, 5steps):
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(3Ac+5Bc+5Ad+19Bd) ArcTanh | —2-coslerfxl
\/2 \/a+aSin[e+fx]

162 a%/2 f
(A-B) (c-d) Cos[e+fx] (3Ac+5Bc+5Ad-13Bd) Cos[e+fXx]

4f (a+asinfe+fx])*? 16af (a+asSinfe+fx])*?

Result (type 3, 267 leaves):
1

16 f (a (1+Sin[e+fx]))>?

Cos[i (e+fx)]+sin]

N |

(e+'FXH

8 (A-B) (c-d) Sin[l (e+fx)]-4(A-B) (c-d) Cos{l (e+fx)] +Sin[l (e+fx)]

+

2 2 2
1 1 o1 2
2(3Ac+SBc+5Ad—13Bd)Sln[;(e+fx>] Cos[;(e+fx”+51n[;(e+fx)] -
1 o1 3
(3Ac+5Bc+5Ad-13Bd) (Cos[f (e+-Fx)]+51n[f (e+-Fx>] +
2 2

(1+1) (71)3/4 (3Ac+5Bc+5Ad+19Bd)

Ar‘cTanh[(%+ %) (-1)** [—1+Tan[i (e+Fx)]

]

Cos[% (e+fx)] +Sin[% (e+fx)]

Problem 324: Result unnecessarily involves imaginary or complex numbers.
J A+BSin[e+fXx]
(

a+aSinfe+fx])

dx
5/2

Optimal (type 3, 126 leaves, 4 steps):

(3A+5B) ArcTanh | a Cos[e+fx]
V2 +Ja+aSin[e+fx] (A-B) Cos[e+fx] (3A+SB) Cos[e + fx]

162 a2 f 4f (a+asinfe+fx])>? 16af (a+asSinfe+fx])*?

Result (type 3, 227 leaves):
1

16 f (a <1+Sin[e+fx]))5/2

Cos[% (e+fx)] +Sin[§ (e+fx)]

1
[8 (A-B)Sin|~ (e+fx)] +4 (-A+B) |Cos]|

2

N |

1
(e+fx)] +Sln[£ (e+fx>]) +

2 (3A+58B) Sin[% (e+fx)] (Cos[% (e+fx)] +Sin[§ (e+fx)})2
(3A+58) Cos[%(e+fx>]+5in[§(e+fx)] 3+(1+11) (-1)** (3A+58)
Ar‘cTanh[(§+i—) (-1)%* (—1+Tan[i<e+fx)] ] Cos[§<e+fx)]+sin[§(e+fx” 4]
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Problem 325: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BSin[e + fx] a
X
(a+a§.in[e+-Fx])5/2 (c+dsin[e+fx])

Optimal (type 3, 261 leaves, 7 steps):

{[(B(5c234cd3d2)+A(3c214cd+43d2)>Ar'cTanh[ Va Cosfe+ fx] ] /
V2 Ja+aSin[e+ fx]
2d3/2 (BC—Ad) Ar‘CTanh[ a d Cos[e+fx]
(1612 a2 (c—d)3F)J— Ve \[aasinterdx)
a®/? (c—d)3\/c+d f
(A-B) Cos[e+fx] (3Ac+5Bc-11Ad+3Bd) Cos[e+fx]

4 (c-d)f(a+asSinfe+fx])>? 16a (c-d)*f (a+asSinfe+fx])*?

Result (type 3, 550 leaves):

! ! in[ L e+fx
16 (c-d)’f (a (1+Sin[e+fx]))°>? COS[;(e+'Fx)]+Sln[2( Fx)]

+

Cos[l (e+fx)] +Sin[1 (e+fx)]

8 (A-B) (c—d)ZSin[1 (e+fx)]+4 (-A+B) (c-d)?
2 2

2

Cos[l (e+fx)] +Sin[1 (e+fx)] ’

2 (c-d) (3Ac+5Bc-11Ad+3Bd) Sin[1 (e+fx)]
2 2

2

(c-d) (3Ac+5Bc-11Ad+3Bd) (Cos[1 (e+fx)] +Sin[l (e+fx)] 3+

2 2
(1+1) (-1)>* (B (5¢®-34cd-3d?) +A (3c*-14cd+43d?))
Ar‘cTanh[[%+§) (-1)%* (—1+Tan[i<e+fx)] ] Cos[i<e+fx)]+sin[§(e+fx)} +
! 32 (_Bc+ e+x—oecle+x2+
c+dsd (-Bc+Ad) fx-2Log[s [4( fx)]7]
2Log[Sec[i <e+fx)]2 [\/c+d +\/?Cos[§ (e+fx)} —\/?Sin[i (e+fx)] ])
1 1 4 1
Cos[g(eJrFx)]JrSln[;(e+fx)}) + —
8d>? (Bc-Ad) e+Fx—2Log[Sec[i(e+fx) 2]+

2Log[Sec[i (e+fx)]2

Vve+d —\/?Cos[i (e+fx)} +\/?Sin[§ <e+-Fx)]

Problem 326: Result unnecessarily involves complex numbers and more than

]

Cos[% (e+-Fx)] +Sin[§ (e+fx)}
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twice size of optimal antiderivative.

J A+BSin[e +fXx] q
X
(a+asSinfe+fx])*? (c+dsSinfe+fx])?

Optimal (type 3, 395leaves, 8steps):

([(B(Scz58cd43d2)+A<3c222cd+115d2))Ar‘cTanh[ Va Cosfe+fx] }/
2 \Ja+aSin[e+ fx]
(16V2 &% (c-d)* ] | +
V?\/?Cos[eﬂcx]

{d3/2 (Ad (7c+5d) -B (5c*+5cd+2d?)) ArcTanh]|

. 1|/

vc+d Va+aSin[e+fx]

(a5/2 (c—d)4 (c+d>3/2f) B (A-B) Cos[e+fXx] )
4 (c-d)f (a+aSin[e+-Fx})5/2 (c+dsinfe+fx])

(3Ac+5Bc-15Ad+7Bd) Cos[e + fx]

16 a (cfd)z-F (a+aSin[e+-Fx])3/2 (c+dsinfe+fx])
d(A(3c?-16cd-35d?) +B (5¢>+32cd+11d?)) Cos[e +fx]

16a2 (c-d)’ (c+d) f\/a+asSin[e+fx] (c+dSinfe+fx])
Result (type 3, 1318 leaves):

[(1“‘1) (3Ac2+5Bc2-22Acd-583cd+115Ad2-433d2)

Cos[4l (e+fx)] —Sin[i (e+fx)]

]

1 1 1
ArcTanh|| =+ —| (-1)**sec| = f
rcTan {(2+2)( ) ec[4<e+ x)]
1 1 5
C — +f +Sin| — +f
os[2 (e+fx)] 1n[2 (e+fx)] /
((16(—1)1/4c4—64(—1)1/4c3d+96(—1)1/4c2d2—64(—1)1/4cd3+16(—1)1/4d4)
f (a (1+Sin[e+-Fx]))5/2)+

(d3/2 (Ad (7c+5d) -B(5c*+5cd+2d?))

e+1‘:x72Log[Sec[1 (e+fx”2} +
4

2Log[Sec[ (e+Fx”2(m+\/?Cos[ (e+fx)]—\/?Sin[ (e+fx”

N |

]

SJ/ (4 (c-d)* (c+d)??f (a (1+Sin[e+fx])>5/2) .

|
N |

Cos[% (e+fx)] +Sin[% (e+fx)]

(d3/2 (-Ad (7c+5d) +B (5c®+5cd+2d?))

e+-|cx—2Log[Sec[l <e+fx)]2] +
4

2Log[Sec[l (e+-FxH2 (m—\/d_Cos[i (e+fx)] +'\/?Sin[l (e+fx)}

4 2

]

Cos| 5]/ (4 (C—d)“ (c+d)3/2f (a (1+Sin[e+fx])>5/2) +

N |

(e+-FxH +Sin[§ (e+-Fx)]

1

64 (c-d)? (c+d) f (a(1+Sinfe+Ffx]))>? (c+dSinfe+fx])
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Cos[% (e+fx)] +Sin[§ (e+fx)]

(—22Ac3Cos[1 <e+fx)] +GBc3Cos[l (e+fx)] +4@Ac2dCos[l (e+fx)] -
2 2 2
40 B c2d Cos 1 (e+fx)] +54Acd2Cos[1 <e+fx)] —7OBcd2Cos[1 (e+fx)] +
2 2 2

24Ad*Cos|~ (e+fx)]| +8Bd’Cos| (e+fx)] —6Ac3Cos[i (e+1:x)] -
2

10B c*Cos| = (e+fx)] +21Ac2dCos[E (e+fx)]-29Bc?dCos|
2

(e+fx)] —SGBchCos[i (e+fx)]+75Ad®Cos|

2 2

(

54 A ¢ d? Cos

N w

[
1
2
3
2

[
3 5 5

19Bd? Cos | — (e+fx)] +3Ac*dCos |~ (e+fx)] +5Bc?dCos |~ e+fx)} -
2 2 2
16Acd2Cos[E <e+fx)] +328cd2Cos[E <e+fx)] —35Ad3Cos[E (e+fx” +
2 2 2
118d3cOs[E (e+fx)] +22Ac3Sin[1 (e+fx)] —GBc3Sin[l (e+fx)]-
2 2 2

40Ac2dSin[1 <e+fx)] +4OBc2dSin[1 <e+fx)] —54Acdzsin[1 (e+fx)] +
2 2 2

7OBchSin[l (e+fx) ] —24Ad3Sin[l (e+fx) | —SBd3Sin[l (e+fx)] -
2 2 2

6Ac3Sin[3 (e+-Fx)] —1GBC3Sin[i (e+fx)] +21Ac2dSin[E <e+-Fx)] -
2 2 2

298c2d51n[E (e+fx)] +54Acdzsin[i (e+fx)] -
2 2

sslacdzsin[i (e+fx)] +75Ad351n[i (e+fx)] -19|3d351n[i (e+fx)] -
2 2 2

3Ac2<:|Sin[E (e+fx)] -5|3c2d51n[E (e+fx)] +16AchSin[E (e+fx)] -
2 2 2
32Bcd’sSin| (e+1¢x)]+:-35Ao|3s.in[E

(e+-Fx>] -11Bd’Sin]| (e+-FxH

N |
N
N w,

Problem 327: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BSin[e+fXx] q
X
(a+asinfe+fx])*? (c+dsinfe+fx])?

Optimal (type 3, 519leaves, 9steps):
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\/a_Cos[eﬂcx}
A2 \/a+aSin[e+fx]

—[[(B (5c*-82cd-115d%) +3A (c>-1@cd+73d?)) ArcTanh| ]

/

J+ {dm (3Ad (21c2+30cd+13d2) -B (35c3+70c2d+67cd2+20d3)>

(16\5a5/2 (c—d)S-F

\/?\/?Cos[ewl:x]

Vc+d Va+aSin[e+fx]
(A-B) Cos[e+fx]

ArcTanh [

}L/(4£“(c—df(c+df”f)—

4 (c-d)f (a+aSin[e+-Fx})5/2 <c+dS:'Ln[e+-Fx])2
(3Ac+5Bc-19Ad+11Bd) Cos[e + fx]

16a (c-d)*f (a+asSinfe+fx])¥? (c+dSin[e+fx])?
d(A(3c2-20cd-31d?) +B (5c*+28cd+15d?)) Cos[e +fx]

16 a2 (c—d)3 (c+d) f/a+aSin[e+fx] (c+dSin[e+1‘:x})2

(d (3A(c*-7c*d-37cd*-21d%) +B (5c*>+73c*d+79cd*+35d%)) Cos[e+‘FX}>/
(16a2 (c-d)* (c+d)*f/a+asSin[e+fx] <c+dSin[e+fx}>)

Result (type 3, 2103 leaves):
{(1“1) (3Ac2+53c2-3eAcd-823cd+219Ad2-1153d2)
1 1 1
ArcTanh[|=+ —| (-1)**sec[= (e+f
rcTan {(2+2]( ) ec[4<e+ x)]
1 1
C — +f +Sin| — +f
os [~ e+ x) ] +sin| (e fx]]| | /
((16(—1)1/4c5—80(—1)1/4c4d+160(—1)1/4c3d2—160(—1)1/4c2d3+
80(—1)1/4cd4—16<—1)1/4d5)f(a (1+Sin[e+fx]>)5/2)—

Cos[j—l (e+Fx)] —Sin[% (e+Ffx)]]|]

5

(dm (-3Ad (21c*+30cd+13d*) +B (35c>+70c*d+67cd*+20d’))

e+-Fx—2Log[Sec[1 (e+Fx)]2] +
4

2 Log|Sec]|

(eJr-I:xH2 (\/c+d +/d Cos|

N |

(e+Fx)] —\Hsin[ (e+fx)})}

5]/ (16 (c—d)5 <C+d>5/2-F (a (1+Sin[e+fx}>>5/2) .

1 1
4 2

Cos[% (e+fx)] +Sin[§ (e+fx)]

(d3/2 (-3Ad (21c*+30cd+13d*) +B (35c>+70c*d+67cd*+20d?))

eJr-I:x—ZLog[Sec[1 (e+-Fx)]2] +
4

2 Log|Sec]|

(eJr-I:xH2 (m—\/?COS[ (e+Fx)]++/d sin|

N |
N |

(e+fxﬂ)}

5}/ (16 (c—d)5 <C+d>5/2-F (a (1+Sin[e+fx}>>5/2) .

1
4

Cos[% (e+fx)] +Sin[§ (e+fx)]
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1
128 (c-d)* (c+d)*f (a (1+Sinfe+Ffx]))>? (c+dSin[e+fx])?

Cos[% (e+fx” +Sin[% (e+-Fx)]

(744ACSCOS[1 (e+fx)] +123c5cOs[1 (e+fx)] +84Ac‘%jCos[1 (e+fx)] -
2 2 2

116|3c4dCos[1 (e+fx)] +249Ac3d2cOs[5 (e+fx)] 74338C3d2COS[1 (e+fx)]+
2 2 2

385Ac2d3Cos[1 (e+fx)] —277Bc2d3Cos[l (e+fx” +239Acd“Cos[l (e+fx)] -
2 2 2
95 B c d* Cos

(e+fx) | +47Ad5Cos[§ (e+fx)]-51Bd°Cos| = (e+fx)]-

N W —
N |
NWN R

12Ac®Cos |~ (e+fx) | —ZGBCSCOS[E (e+fx)] +40Ac*dCos|[ = (e+fx)] -
2

104Bc4dCos[z (e+fx)] +261Ac3d2cOs[i (e+fx)] —581Bc3d2Cos[§ (e+fx)]+
2 2 2

781Ac2d3Cos[z (e+fx)] —6658c2d3Cos[i (e+fx” +579Acd“Cos[i (e+fx)] -
2 2 2
299 B c d* Cos |

(e+fx)]+79Ad>Cos| = (e+Fx) ] —SQBdSCos[z (e+fx) ]+

N W

3
2
5 5
12Ac*dCos| = (e+fx) | +2OBc4dCos[;
2

217Bc3d2Cos[E (e+fx)] —353Ac2d3Cos[5 (e+fx” +397Bc2d3Cos[E (e+-FxH -

2 2 2

> <e+fx)] —127Ad5Cos[E (e+fx” +

419Acd4Cos{E (e+-FxH +251Bcd* Cos|
2

2

N

7SBd5Cos[E (e+fx)] +3Ac3d2Cos[Z (e+fx)] +SBc3d2Cos[Z (e+Fx)] -
2 2 2

21Ac2d3Cos[Z (e+Fx)] +73Bc2d3Cos[Z (e+-FxH —111Acd“Cos[Z <e+fx)] +

2 2 2
798cd4COS[§ (e+fx)] 763Ad5Cos[§ (e+fx)] +3SBd5Cos[§ (e+Fx)]+
44ACSSin[§ (e+fx) | —128c551n[§ (e+fx) | —84Ac4dSin[% (e+fx)]+
1163c4d51n[§ (e+fx)] —249Ac3d25in[§ (e+fx)] +433Bc3d25in[§ (e+Fx)] -
385Ac2d3Sin[§ (e+fx)] +277Bc2d3Sin[§ (e+fx)] —239Acd4Sin[§ (e+fx)]+
958cd4Sin[§ (e+fx)] —47AdSSin[§ (e+fx)] +51BdSSin[§ (e+fx)] -
12ACSSin[§ (e+fx) | -203c551n[§ (e+fx) | +4eAc4dSin[§ (e+fx)]-
104Bc4dSin[§ (e+Fx)] +261Ac3d251n[§ (e+Fx)] —58ch3d25in[§ (e+Fx)]+
781Ac2d3Sin[§ (e+fx)] —665Bc2d3Sin[§ (e+fx)] +579Acd4Sin[§ (e+fx)] -
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2998cd4sin[z (e+fx” +79AdSSin{E (e+1cx)] —SQBdSSin[i (e+fx)] -

2 2 2
12Ac“dSin[E (e+fx)] —ZeBc“dSin[E <e+fx)] +73Ac3dZSin[E (e+fx)] -
2 2 2

217Bc3dzsin[§<e+fx>]+353Ac2d3Sin[§(e+-FxH—397Bc2d3Sin[§(e+-FxH+
419Acd4Sin[§(e+fx”—251Bcd4Sin[§<e+fx)]+127AdSSin[§(e+fx”—
7SBdSSin[§(e+fx)]+3Ac3dZSin[§(e+-FxH+SBc3dZSin[§(e+Fx)]—
21Ac2d351n[§(e+fx)]+73Bc2d3Sin[§(e+fx)}-111Acd451n[§(e+fx)]+
793cd4Sin[§<e+-Fx)]—63AdSSin[§(e+fx>]+3SBd5Sin[§(e+-FxH
Problem 328: Unable to integrate problem.

J(a+asin[e+Fx])2 (A+BSin[e+fx]) (c+dSin[e+fx])"dx

Optimal (type 6, 221 leaves, 7 steps):

-([sﬁaZBAppellm[%, -Z, -n, 3, % (1-sinfe+fx]), d (1Sicn+[:+fx])}

c+dSin[e + fx]

Cos[e + f x] (c+dSin[e+Fx])”[

c+d

nJ/ (-F\/1+Sin[e+'FX} )

]

1 3 3 1 d (1-Sin[e+fX]
4+/2 a? (A-B) AppellF1[~, - =, -n, =, = (1-sin[e+fx]), ( )
2 2 2 2 c+d

c+dSinj[e+fx]

Cos[e + f x] (c+dSin[e+Fx])”(

n)/ [FVI+Sinfe~fx] |

c+d

Result (type 8, 37 leaves):

j(aJraSin[eJr-Fx])2 (A+BSin[e+fx]) (c+dSin[e+fx])"dx

Problem 329: Unable to integrate problem.

J(a+asin[e+Fx]) (A+BSin[e+fx]) (c+dSinfe+fx])"dx

Optimal (type 6, 217 leaves, 8 steps):
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d(1-sinfe+fx])

1 3
4~/2 aBAppellFl|—, - =, -n,
2 2

N W

1
~ (1-sin[e+fx]), ]
2 c+d

c+dsinfe+fx] "J/ [fV1esinferfx] |

)

Cos[e+fx] (c+dSinfe+fx])"

c+d
d(1-Sin[e+fx])

]

2 2 2 c+d

_nJ/ (-F\/1+Sin[e+-Fx] )

101 3 1
(2\/2 a (A-B) AppellF1[~, - =, -n, =, — (1-Sin[e+fx]),
2

c+dSinfe+fx]

Cos[e + f x] (c+dSin[e+Fx])“(

c+d

Result (type 8, 35leaves):

J(a+a$in[e+-Fx]) (A+BsSin[e+fx]) (c+dSin[e+fx])"dx

Problem 330: Unable to integrate problem.

j(A+BSin[e+fx]) (c+dsinfe+fx])"

dx
a+aSinfe+fx]
Optimal (type 6, 221 leaves, 7 steps):
d(1-5i f
—([\EBAppellFl[l, l) -n, i,l<1—Sin[e+-Fx]>, ( infe + X])
2 2 2 2 c+d

c+dSin[e + fx]

Cos[e + f x] (c+dSin[e+Fx])"(

nJ/ (a-F\/1+Sin[e+'FX1 )

d(1-Sinfe+fx])

c+d

1
(A-B) AppellF1l[~, =, -n, | Cose+fx]
2

N W
N R

3 .
= » — (1-Sin[e+fx]),
2 c+d

c+dSin[e + f x]

(c+dsinfe+fx])"

/(\/Taf\/1+sin[e+fx] )

c+d

Result (type 8, 37 leaves):

(A+BSin[e+fx]) (c+dSinfe+fx])"
J dx

a+aSin[e+fx]

Problem 331: Unable to integrate problem.

(A+BSin[e+fx]) (c+dSin[e+fx])“
J dx

(a+aSin[e+1:x1>2

Optimal (type 6, 223 leaves, 7 steps):
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d(1-sSin[e+fx])

iy

| Cosfe+fx]

3 31 ,
BAppellF1[—, =, -n, =, = (1-Sin[e+fx]),
2 2 2 c+d

N

(c+dsinfe+fx])" (c+dSin[e+'Fx])”]/ (\/TaZ-F\/1+Sin[e+-Fx] )
c+d

d(1-Sinfe+fx])

31 _
» =N, =, = (1-sinfe+fx]), | Cose+fx]
2

1
(A-B) AppellF1|—,
2 2 c+d

>
2

c+dSin[e + f x]

/(Z\Eazfx/lJrSin[ewa] )

(c+dsinfe+fx])" (
c+d
Result (type 8, 37 leaves):

(A+BsSin[e+fx]) (c+dSinfe+fx])"
J dx

(a+asinfe+fx])?

Problem 333: Unable to integrate problem.

J\/a+asin[e+fx] (A+Bsinfe+fx]) (c+dSin[e+fx])"dx

Optimal (type 5, 167 leaves, 4 steps):

_2aBCos[e+fx] (c+dsinfe+fx])™ ( (Ad(3+2n)-B (c-2d (1+n)])

df (3+2n)Va+aSin[e+fx]
d(1-Sinfe+fx])

]

n]/ (d'F (3+2n) vJa+asSinfe + fx]

1 3
Cos[e + f x] Hypergeometric2F1[ ~, -n, —,
2 c+d

2
c+dSin[e + f x]

(c+dsinfe+fx])"

c+d

Result (type 8, 39leaves):

J\/a+asin[e+fx] (A+BsSinfe+fx]) (c+dSin[e+fx])"dx

Problem 334: Result more than twice size of optimal antiderivative.

dx

J<A+BSin[e+'FX]> (c+dSin[e+fx])”

a+aSin[e+fx]

Optimal (type 6, 220 leaves, 7 steps):
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1 c+dSin[e+fx] c+dSin[e+fXx]
- || (A-B) AppellF1[1+n, =, 1, 2+n, s ]
2 c+d c-d

c+d

d(1-Si +f
Cos[e+1°x1\/ ( infe+fx)) (c+dSin[e+fx])1*"/

((cfd) f(1+n) (1-Sin[e+fx])Va+aSinfe+fXx] ) -

1 3 d(1-Sinfe+fx])
2BCos[e+ fx] Hyper‘geometr‘icZFl[f, -n, —, ]
2 2 c+d

-n

c+dSinfe+ fx]

(c+dsinfe+fx])" /(f\/a+asin[e+fx])

c+d

Result (type 6, 1282 leaves):

a

a?BCos[e+fx] Sinfe+fx]

2

d(-a+a(1+5i + f -n
(1+sinfe+fx])? (c+dSin[e+fx])*" |c+ (-a+a(il+sinfe x]))]

a

1 1 ad (1+Sinfe+fx])
4a (c-d) AppellF1[1, —, -n, 2, = (1+Sin[e+fx]), - ]J/
2 2 ac-ad

1 1 ad (1+Sinfe+fx])
8a (c-d) AppellF1[1, —, -n, 2, — (1+Sin[e+fx]), - |+
2 2 ac-ad
1 1 ad(1+Sin[e+-Fx])
a|4dnAppellF1[2, =, 1-n, 3, = (1+Sin[e+fx]), - +
2 2 ac-ad

3 1 ad (1+Sinfe+fx])
(c-d) AppellF1[2, =, -n, 3, — (1+sinfe+fx]), - }J
2 2 ac-ad
_ 1 1 1
(1+sinfe+fx]) +[d (-1+2n) AppellF1[-~-n, - =, -n, = -n,
2 2 2
2 s —cxd }(—2a+a(1+sin[e+1°x1>))/
1+Sinfe+fx] d(1+Sinfe+fx])
(1+2n) |22 (—c+d)nAppellF1[1—n,—E,l—n,i—n, ;,
2 2 2 1+Sinfe+fx]
-c+d 1 1 3 2
]+dAppellF1[f—n, -5 -n, ——n, ——————,
d(1+Sin[e+fx]) 2 2 2 1+Sinfe+fx]
-c+d 1 1 1
+ad<—1+2n)AppellF1[—f—n,—f,—n,f—
d(1+Sin[e+fx]) 2 2 2
2 -c+d .
n, B ] (1+sinfe+fx]) ]]/
1+Sinfe+fx] d(1+Sinfe+fx])
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-F\/a (1+sinfe+fx]) (-a+a(1+Sinfe+fx]))

2

\/Zaz (1+sin[e+fx]) -a? (1+Sin[e+1‘:x])2
a

\/1_ (7a+a (1+Sin[e+fx}))2

a2

a’ACos[e+fx] (1+Sin[e+fx])? (c+dSinfe+Ffx])?"

[ d(-a+a(l+Sinfe+fx])) )"
C+
a

1 1 ad(1+51n [e+fX]
4 (c-d) AppellF1[1, —, -n, 2, — (1+Sin[e+fx]), - ]/
2 2 ac-ad

ad (1+51n [e+fx] )

1
[83 (c-d) AppellF1i[1, >’ -n, 2, — (1+Sinfe+fx]), -

ac-ad
ad (1+Sinfe+fx])

N R N R

1
a|4dnAppellF1[2, =, 1-n, 3, = (1+Sin[e+fx]), -
2

ac-ad }+

ad (1+Sinfe+fx]) })

(c-d) AppellFi|2, i, -n, 3, 1 (1+Sinfe+fx]), -
2 2 ac-ad

1 1 1
- [d (—1+2n) AppellFl[—;—n, -—, -n, ;—n,

(1+sinfe+fx])
2

2 -c+d
1+Sin[e+fx] " g (1+sinfe+fx])

| (-2a+a (1+Sin[e+Fx}))J/

1 1 3 2
[a (1+2n) |2a|(-c+d) nAppellF1[~-n, -=,1-n, —-n, ———————,
2 2 2 1+Sin[e+ fx]
-c+d 1 1 3 2
| +dAppellF1[~-n, =, -n, =-n, —————,
d(1+Sin[e+fx]) 2 2 2 1+Sinfe+fx]
-c+d 1 1 1
]]+ad(1+2n)AppellF1[ “-n,-=, -n, —-
d(1+Sin[e+fx]) 2 2 2
2 -c+d .
n, s ](1+Sln[e+fx])J ]]/
1+Sinfe+fx] d(1+Sinfe+fx])

2a% (1+5i f —a? (1+5Si Fx1)2
ffa(1+sinfesfx]) J # (1+sinferfx]) Za (1+Sinfe+fx])
=]

\/1_ (-a+a(1+Sinfe+fx]))?

a2
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Problem 335: Result more than twice size of optimal antiderivative.
j(A+BSin[e+fx]) (c+dsinfe+fx])"

(a+asinfe+fx])>?

dx

Optimal (type 6, 269 leaves, 7 steps):

1 c+dSin[e+fx] c+dSinf[e+fx]
- | |BAppellF1[1+n, =, 1, 2+n, s ]
2 c+d c-d

\/d (1-sin[e+fx])
Cos[e + fX]

c+d

(c+dSin[e+fx])1+“ /

(a (c-d) f(1+n) (1-Sin[e+fx])~/a+aSin[e+fx] ) +

1 c+dSin[e+fx] c+dSin[e+fx]
(A-B) dAppellF1[1+n, —, 2, 2+n, s ]
c+d c-d

\/d (1-sin[e+fx])
Cos[e+ fX]

c+d

(c+dsinfe+fx])*" /

((c—d)z'F (1+n) (a-asinfe+fx])a+asSin[e+fx] )

Result (type 6, 1854 leaves):

BCos[e+fx] Sin[e+fx] (1+Sin[e+fx])

e dsinlesfx1]2n chd(—a+a<1+sin[e+fx])) -n
( [ 1)
a

4a (c-d) AppellFi[1,

(1+Sin[e+fx])]/

1
(8a (c-d) AppellFi[1, S’ -n, 2,

R ad (1+Sinfe+fx])

N |
N |

(1+sinfe+fx]), -

]

ac-ad

d(1+Si f
(1+Sin[e+fx}),—a (1+sinfe+fx])

+
ac-ad

ad (1+Sinfe+fx])
a

(1+sinfe+fx]), -

N R N R

1
4dnAppellF1[2, =, 1-n, 3,
2

|+

(c-d) Appell 3 1 . ~ad(1+Sinfe+fx])
ppe F1[2, , —h, 3, (1+Sln[e+Fx]), }
2 2 ac-ad

ac-ad

1 1 1
- [d (-1+2n) AppellFl[—;—n, B -n, ;—n,

(1+sinfe+fx])
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2 -c+d . .
s | (1+sinfe+fx]) (2a+a(1+51n[e+fx]))]/
1+Sinfe+fx] d(1+Sin[e+fx])
1 1 3 2
((1+2n) 2a (—c+d)nAppellF1[——n,——,1—n,——n, _
2 2 2 1+Sin[e+ fx]
-c+d 1 1 3 2
| +dAppellFi[~-n, =, -n, =-n, ———————,
d(1+Sinfe+fx]) 2 2 2 1+Sin[e+fx]
-c+d 1 1
]]+ad(—1+2n)AppellF1[——n,—,—n,
d<1+Sin[e+fx]) 2 2
1 2 -c+d .
—-n, B }(1+Sln[e+fx}) J+
2 1+Sinfe+fx] d(1+Sin[e+fx])
1 1 3 2 —c+d
2d(—3+2n)AppellF1[f—n,—f,—n,f—n, s
2 2 2 1+Sinfe+fx] d(1+Sin[e+fx])

(72a+a (1+Sin[e“cx]>>]/

((—1+2n) (Za [(—c+d> nAppellFl[i—n, —l, 1-n, E—n, ;,
2 2 2 1+Sin[e+fx]
—c+d 3 1 5 2
| +dAppellF1[=-n, =, -n, =-n, —————,
d(1+Sin[e+fx]) 2 2 2 1+Sinfe+fx]
-c+d 1 1
]]+ad(3+2n) AppellFl[ = -n, - =, -n,
d(1+Sin[e+fx]) 2 2
3 2 -c+d .
= _n, s | (1+sinfe+fx]) ]]J/
2 1+Sinfe+fx] d(1+Sinfe+fx])

ZF\/a (1+sinfe+fx]) (-a+a(l+Sin[e+fx]))

\/Zaz (1+sSinfe+fx]) -a? (1+Sin[e+fx])2
2

a
\/ (-a+a (1+sinfe+fx]))?
1- +
a2
ACos[e+fx] (1+Sin[e+fx]) (c+dSin[e+fx])2"
[ d(—a+a(1+Sin[e+fx}))]”
C+
a

4a® (c-d) AppellFi[1, —, -n, 2, 1 (1+sinfe+fx]),
2

] /

ad (1+Sinfe+fx])

| (1+sinfe+fx])

ac-ad
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ad (1+Sinfe+fx])

1
(8 a (c-d) AppellFi[1,

—,-n,2, — (1+Sinfe+fx]), -
2

|+

ac-ad

ad (1+Sinfe+fx])

a (1+sinfe+fx]), -

N R N

1
4dnAppellF1[2, =, 1-n, 3, |+
2 ac-ad

ad (1+Sinfe+fx]) }J

(c-d) AppellFi[2, 3, -n, 3, 1 (1+sinfe+fx]), -
2 2 ac-ad

(1+sinfe+fx])
2 2 2

1 1 1
- [ad (-1+2n) AppellFi[-=~-n, - =, -n, = -n,

2 -c+d . .
s }(1+51n[e+-Fx})(—2a+a<1+51n[e+fx]))]/
1+Sinfe+fx] d(1+Sin[e+fx])
1 1 3 2
((1+2n) [Za [(—c+d) nAppellFl[~-n, -~,1-n, ~-n, ———————,
2 2 2 1+Sinf[e+fx]
-c+d 1 1 3 2
]+dAppellF1[f—n, -5 -, ——n, ————,
d(1+Sinfe+fx]) 2 2 2 1+Sin[e+ fx]
-c+d 1 1
]]+ad(1+2n) AppellFl[- =~ -n, - =, -n,
d(1+Sin[e+fx]) 2 2
1 2 -c+d .
= _n, , | (1+sinfe+fx]) ]—
2 1+Sinfe+fx] d(1+Sinfe+fx])
1 1 3 2 -c+d
2ad (-3+2n) AppellFl[~-n, -=, -n, = -n, ,
2 2 2 1+Sinfe+fx] d(1+Sin[e+fx])

(-2a+a (1+Sin[e+fx]))]/
((1+2n) (Za

3 1 5 2
(-c+d) nAppellF1[=-n, - =, 1-n, ~-n, —————
2 2 2 1+Sinfe+fx]

2

)

-c+d

w

]+dAppe11F1[—fn, 1, -n, E,n,
2

d (1+sinfe+fx]) 2 2 1+Sinfe+fx]
-c+d 1 1
]] +ad (-3+2n) AppellF1|[~-n, - =, -n,
d(1+Sinfe+fx]) 2 2
3 2 -c+d .
= _n, s | (1+sinfe+fx]) )]J/
2 1+Sinfe+fx] d(1+Sin[e+fx])

2a* (1+5i £x]) -a? (1+5i £x])2
2a2f.[a (L+sinfe+fx]) J # (L+Sinferfx]) za (1+Sinfe+fx])
a

\/1_ (-a+a (1+sinfe+fx]))?

a2

Problem 336: Result more than twice size of optimal antiderivative.
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2 dx

J(a+aSin[e+-Fx])"'(A+BSin[e+-Fx]> (c+dsin[e+fx])

Optimal (type 5, 351 leaves, 6 steps):

((d (Ad (3+m)+B(2c+dm)) -2 (2+m) (Acd (3+m)+B (c>+d*+cdm)))
Cos[e+fx] (a+asSinfe+fx])") /(f(1+m) (2+m) (3+m)) -

(z%”" (A(3+m) (2cdm (2+m) +d? (Temem?) +c (2+3mem?)) s

B (d*m (5+3m+m2) +c2m (6+5m+m2) +2cd (3+4m+4m2+m3)))

, 11 3 1 ,
Cos[e + f x] Hypergeometric2F1[ =, ~-m, —, = (1—51n[e+fx})]
2 2 2 2

1

(1+Sin[e+fx])’z"m<a+aSin[e+fx1)mJ/(f (1+m) (2+m) (3+m)) -

d(Ad(3+m)+B(2c+dm)) Cos[e+fx] (a+asinfe+fx])"
af (2+m) (3+m)

BCos[e+fx] (a+aSin[e+fx])" (c+dSin[e+fx])?
f <3+m)

Result (type 5, 23845 leaves) : Display of huge result suppressed!

Problem 338: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+a$in[e+fx])"' (A+BSin[e+fx]) dx

Optimal (type 5, 117 leaves, 3 steps):

BCos[e+fx] (a+asSin[e+fx])" 1 1o
- - 22" (A+Am+Bm) Cos[e+ fX]
f(1+m) f(1+m)

Hypergeometric2F1 |

3

N [
N |

3 1 I . m
-m, =, = (1-Sinfe+fx])] (1+Sinfe+fx]) : " (a+aSin[e+fx])
2 2

Result (type 5, 295 leaves):

—% (a(1+sinfe+fx]))"

( 1 2-1-2mpg o-i (e+fx) (1 L1 et (erfx) > -2m e

-1+m?
(e2% () (-1 .+m) Hypergeometric2F1[-1-m, -2m, -m, -ie"

1., 2m
-7 (2 e+m+2 fx) <]'l + ejl (eﬂcx)))

1 (e+fx) } _

(1+m) Hypergeometric2F1[1-m, -2m, 2-m, —i e * F¥]) 4

(2 V2 ACos[l (2e—7r+2-Fx)]hzmHyper‘geometr‘icZFl[l, l+m, E+m,
4 2 2 2
o1 2, . 1
Sin[~ (2e+m+2Fx) ] ]Sln[;(2e7n+2fx)] /
4

((1+2m) 1-Sin[e+fx] )] Sin[i (2e+7r+2fx)}_2m
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Problem 339: Result more than twice size of optimal antiderivative.

(a+asinfe+fx])" (A+BSin[e+fx])
j dx

c+dSin[e + fx]

Optimal (type 6, 191 leaves, 6 steps):

d(1+5i f
-[[W<Bc—Ad)APPeHF1[5+m, L, 2 L (rasines ey, - SIS E)
2 2 2

2 c-d

]

Cos[e+fx] (a+aSinfe+fx])"

(c-d)df (1+2m)/1-Sin[e+fXx] )

N R —

1 1, _ 1 3 1 ,
2:"BCos[e + f x] Hypergeometric2F1[ =, —-m, =, — (1-Sin[e+fx]) ]
df 2 2 2
(1+Sin[e+fx])’§’m (a+asinfe+fx])"
Result (type 6, 1022 leaves):
—lCos[l[—e+£—fx]]72m
f 2 2
1 2
1 1 3 . 1 T 5 2d51n{* (—e+*—'FX)}
~||6A (c+d) AppellF1[ =, —-m, 1, =, Sin|— (—e+f—-Fx 1% ]
2 2 2 2 2 c+d

Cos| (—e+ E—fx]]fldm
2

Cos[i (—e+z—fx)}2]ﬁm

N |

. 7
Sln[ (—e+f—-Fx
2

N R
|
™
+
\

!
-4
x

N =

] [1—Sin[

1 n 2 11 3
[(c+d—2d$1n[ (—e+f—fx)} ] {—3 (c+d) AppellF1[—, —-m, 1, —,
2 2 2 2

3 1 5 1
AppellFl[ =, —-m, 2, =, Sin[—
2 2 2 2

2dsin[} (~e+ 2 -fx|]

c+d

s 1+2m A 1 1
(—e + = -Fx] ] Hypergeometric2F1| -, ; (1+2m),
2

B

2 Cos |

N |

(3+2m),

N
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1 Tt 2 o1 Tt
Cos |~ [—e+——fx)] ]Sln[—(—e+——fx ] /
2 2 2 2
1 5 11
d(1+2m)\/51n[5(—e+;—1:x)] + 6c(c+d)AppellF1[;,——m, 1,
2dsin[t (~e+ 2 -fx|]|?

E, Sin[1 e+ —-fx }2, [2( 2 ) ]Cos[1 e+ Z o fx ]_1+2m
2 2 c+d 2

ol ooyl st e o ool oS oo )/

2 1 1 3
] ) [—3 (c+d) AppellF1[=, —-m, 1, —,
2 2 2

3
| +|-4dAppellF1| —,
2

2dSin[i (e+:fx)]2} .

I

5 o1 7T
—--m, 2, —, Sln[* (—e+f—-Fx
2 2 2 2

3 3 5 1
(c+d) (-1+2m) AppellF1[=, =-m, 1, =, Sin[— (—e+
2 2 2 2

2dSin[§ (—e+§—fx)}2

c+d

Problem 340: Result more than twice size of optimal antiderivative.

(a+asinfe+fx])" (A+BSin[e+fx])

dx
J (c+dsSinfe+fx])?

Optimal (type 6, 293 leaves, 7 steps):

[\/7 (Ad (c (1—m)—dm)—B(dz—czm—cdm))Appe11F1[1+m, l, 1, i+m,
2 2 2
d(1+Si f
l(1+Sin[e+1‘:x}),— ( nier X”]Cos[ewa] (a+aSin[e+fx])m/

2 c-d
1

((c-d)*d (c+d)f(1+2m) VI-Sinfe+Fx] )+m
ch 2

L . 1 31 .
2:™" (Bc-Ad) mCos[e +f x] Hypergeometric2F1[ ~, ~-m, —, = (1-Sin[e+fx]) |
2 2 2 2

- (Bc—Ad) Cos[e + f x] (a+aSin[e+fx})'"
(1+sinfe+fx]) 2" (a+aSin[e+fx])" -
(c2-d?) f (c+dSinfe+fx])

Result (type 6, 1332 leaves):
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1

-2m
-=cC
. os| ]

N |

7t
-e+ —-Ffx
2

1 1 1 7T 2
{— 6A (c+d) AppellF1|[—, —-m, 2, ,Sln[—(—e+——fx)} B
2 2 2 c+d
1
Cos[l(feJrszx]]’hzm Cos[l(feJr—f-Fx)} ]zm
2 2 2
L,
Sin[l(feJrEffx ] [1fsin[1(fe+ -fx|] ) ’ m]/
2 2 2
1 b 2)2 1 1
[(c+d2d51n[ (—e+f—1cx ] ] [3 (c+d) AppellF1[ =, = -m, 2,
2 2 2 2
2dsin[L (ce+Z_fx)]?
i, Sin[1 -e+ —-fx }2, [2( 2 H ]+ -8d
2 2 c+d
3 2dsin[? -e+Z-fx]]®

N
N |

c+d

B

c+d

Sin[

N |

7T
(7e+*7‘FX
2

b
(7e+*7'FX
2

N

d {c+d—2dsin[

2 1 1 3
] ) -3 (c+d)AppellF1[£, ;—m, 1, —

)

2dsin[i (-e+Z_fx|]?
Sin{l(fwﬁffx I {2( : )] ]+ —4dAppe11F1[i,
2 2 c+d 2
2dsin[t [—e+Z_fx|]?
l‘m:Z; E,Sin[l(—EJrz—'Fx}z, [2( 2 )]
2 2 2 2 c+d
3 3 5 . 1 Tt 2
(c+d) (-1+2m) AppellF1[=, =-m, 1, =, Sin[~ (—e+—7fx 1%,
2 2 2 2 2

|+
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1)

2dSin[§ (—e+§—fx)}2

]

Sin|

N R
—_—
I
™
+
|
|
—h
X
el

c+d

1 1 31 n
6c (c+d) AppellF1|~, —-m, 2, =, Sin[~ (—e+f—-Fx
2 2 2 2 2

2dSin[i (—e+§—fx)]

c+d

b
(—e+—7fx
2

2)2 1 1 3
] ) -3 (c+d) AppellF1[—, = -m, 2, —,
2 2 2

} +

3
-8dAppellFi| =,
2

2dsin[? (-e+§-fx)]2

I ]+

c+d

2dsin[? (-e+§-fx)}2

c+d

Problem 341: Result more than twice size of optimal antiderivative.

(a+asSinfe+fx])" (A+BSin[e+fx])
J dx

(c+dsinfe+fx])>

Optimal (type 6, 467 leaves, 8 steps):
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(B <2d3m+c3 (1—m) m+2c%d (1—m) m - c d? (3—3m+m2>) -

Ad (2cd (2- c®(2-3m+m?) —d® (1-m+m?)))

d(1+Sinfe+fx])

m) m

1 3 1 ,

=, 1, —+m, — (1+Sinfe+fx]), -
2 2 2 c-d

/

(\/? (c—d)3d (c+d)zf (1+2m) \/1-Sin[e + f x] )—

]

1
AppellF1[ = +m,
2

Cos[e+fx] (a+aSin[e+fx])"

- r
d(c2-d?)*f

27 (Ad (c(3-m)-dm)-B(2d*+c® (1-m) -cdm)) Cos[e+fx]

s : (1-Sinfe+fx])]

1
Hypergeometric2F1| =,
2

1
= S m,
2 2

N w

(1+Sinfe+fx])" - (a+asinfe+fx])"-
(Bc-Ad) Cos[e+fx] (a+aSin[e+fx])"

+

2 (c2-d?) f (c+dSin[e+-Fx})2
((Ad (c (3-m)-dm)-B(2d*+c®*(1-m)-cdm)) Cos[e+fx] (a+aSin[e+-Fx])m>/
(2 (c2-d?)*f (c+dsinfe+fx]))

Result (type 6, 1332 leaves):

1 1 7T -2m
—*Cos[f[feJr—f-Fx]
f 2 2
1 1 3 . 1 T 2 2d51n{ (—e+_—'FX)}
~||6A (c+d) AppellF1[ =, —-m, 3, =, Sin|[— (—e+——fx 1%
2 2 2 2 2 c+d
1
Cos[l(—eJrszx ]71+2m Cos[l[ e+—7fx)} ]2 "
2 2 2
.
Sin[1 (—e+z—fx ] [1—Sin[1 (7e+ﬁf-Fx ] ) ? m]/
2 2 2 2

N |-

7
(—e-%—*—'FX
2

(c+d—2dsin[
272

2)3 1 1
] ] -3 (c+d) AppellF1[~, = -m, 3,

2d51n[1(e+’zrfx)}2] a4
o
c+d

3 1 5 1
AppellFl[ =, —-m, 4, =, Sin[—
2 2 2 2

—e+

(c+d) (-1+2m) AppellFl[i,
2

N W

7m} 3)

2dsin[? (-e+Z-fx]]®

c+d
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B

11 3
6 (c+d) AppellFl[;, ;7m, 2, S’ Sin|

N |-

b
(—e+——Fx
2

2dSin[§ (—e+§—-Fx)]2

]Cos[%

c+d

Sin|

N |

7T
(—e+——-Fx
2

1 Tt
] (1—Sin[— [—e+——fx
2 2

|+

3
-8dAppellF1| =,
2

c+d
2dSin 1 _e+ L _fx 2
l_mJBJ E)Sin[l(—6+ﬁ—fx}2, {2( 2 )] }_{_
2 2 2 2 c+d
3 3 1 7T )
(c+d) (-1+2m) AppellF1[=, =-m, 2, =, Sin[— (7e+—,-{=x 1%
2dSin 1 —e+ X _Fx 2
[2( 2 )} ] Sin[l[—e+—fx]2J]+
c+d 2
11 3 .1 2
6c (c+d) AppellF1|—, —-m, 3, =, Sin[ = [-e+ —-fx|]’,
2 2 2 2

2dSin[§ (—e+§—fx)]

o1 2 3
Sin[ = (fe+—f1‘x % | + |-12dAppellF1| =,
2 c+d 2
2dsin[t (~e+Z - fx)]?
-m, 4, 5, Sin[l(—e+f—fx ’ {2( 2 H |+
2 2 2 2 c+d
3 3 1 2
(c+d) (-1+2m) AppellF1[=, =-m, 3, =, Sin[ = [-e+ —-fx|]|’,
2 2 2
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2dSin[§ (—e+§—fx)}2

|| sin|

N |

(—e+§—fx]]2

c+d

]]] (a+asinfe+fx])"

Problem 342: Result more than twice size of optimal antiderivative.

a+aSin[e+fx A+BSin[e+fx c+dSin[e+fx dx
I e+ x1)" ( e+ fxI) e+ x]) 2

Optimal (type 6, 284 leaves, 9 steps):

1 1 3 3
V2 (A-B) (c-d) AppellFl[=+m, —, - =, —+m,
2 2 2 2

d(1+Sin[e+fx])
c-d

N |

(1+sinfe+fx]), -

/

]

Cos[e+fx] (a+aSin[e+fx])"Vc+dSin[e+fx]

dSi f
f(1+2m)/1-Sin[e+fx] crdsinfe+7x] +
c-d
3 1 3 5 1 d(1+Sin[e+fx
V2 B (c-d) AppellF1[=+m, =, - =, =+m, = (1+Sin[e+fx]), - ( : ”]
2 2 2 2 2 c-d
Cos[e + f x] (a+aSin[e+fx])1*m\/c+dsin[e+fx]/
dSi f
af (3+2m)/1-Sin[e+fx] crdsinfe+ 7 x]
c-d
Result (type 6, 4033 leaves):
1 1 _
——Cos[—(—e+£—fx]]2m -1|3Bd (c+d)
f 2 2
. 1 s 2
1 3 13 1 " R 2d51n[;(—e+;—1‘:x)]
AppellF1[ =, - =-m, - —, —,Sln[—(—e+——fx) B ]
2 2 2 2 2 2 c+d

1 3 1 2
AppellFl[ =, - =-m, - =, =, Sln[f[—eJrf—-Fx 1% |+
2 2 2 2 2 c+d
1 s 1 5 2dSin[l(—e+1—fx)]2
2dAppe11F1[7,—f—m, —, Sln[f[—e+f—fx R 2 +
2 2 2 2 2 c+d




Mathematica 11.3 Integration Test Results for 4.1.3.1 (a+b sin)~m (c+d sin)~n (A+B sin).nb | 241

3 1 1
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c+d 2 2
1L (22m
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N
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c+d 2 2 2
2dsin[Y (—e+Z-fx 2
Sin[l(—e+£—fx }2, [2( )] ] Sin[l e L fx
2 2 c+d 2 2

3 1 15 1 n
10Ad (c+d) AppellF1[ =, —-m, - =, =, Sin|[— (—e+ ~_fx
2 2 2 2 2 2

3 1 1 5
[3 [—5 (c+d) AppellF1| =, E—m, - =, =, Sin]

N
N
N
N

2dsin[ (-e+ 2 -fx]]° 1

|+

c+d 2 2

2dSin[i (—e+§—fx)]2

(%]
e
S
N |
—_—
|
m
+
|
-+
bed

5 1 7 o1 T
2dAppe11F1[f, —-m, —, —, Sln[* (—e+f—-Fx
2 2 2 2
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5 1 17 1 e 2
-7 (c+d) AppellF1| -, ;—m, Sy Sln[; [—e+;—fx)] s

N

[5

7 1 19 .1 i
2dAppellF1[—, = -m, =, =, Sin[— (7e+—71‘x
2 2 2 2 2 2

7 3 19 .1 I 2
(c+d) (-1+2m) AppellF1[—, =-m, - =, =, Sin[ = [—e+——fx)} s
2 2 2 2 2 2

2dSin[% (—e+§—1:x)]2

}2

o1 T
|| sin| = (—e+f—-Fx
2 2

c+d

] (a+asinfe+fx])"

Problem 343: Result more than twice size of optimal antiderivative.

J(a+asin[e+1‘:x])m (A+Bsin[e+fx])Vc+dSin[e+fx] dx

Optimal (type 6, 274 leaves, 9 steps):

1 1 1 3 1
V2 (A-B) AppellF1[=+m, —, - =, —+m, — (1+Sinfe+fx]), -
2

2 2 2 2

d (1+Sin[e+fx])
c-d

J

Cos[e+fx] (a+aSin[e+fx])"Vc+dSin[e+fx]

c+dSin[e+fx
£(1+2m) Vi-sinfe+fx] : lextx] |,
c-d
3 1 1 5 1 d (1+Sinfe+fx]
V2 BAppellF1[=+m, —, - =, —+m, — (1+Sinfe+fx]), - ( )}
2 2 2 2 2 c-d

Cos[e+fx] (a+aSin[e+fx])""/c+dSinf[e+fx]

/

c+dSin[e+fx]
c-d

af (3+2m)+/1-Sin[e+fx] J

Result (type 6, 1364 leaves):

1 1 7T 2m
-~ Cos|[— (—e+——fx]]
f 2 2
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1 1
[3 (c+d) AppellFl[;, =-m, -

c+d

B

1 1
6 (c+d) AppellF1[—, —

2dsin[t (—e+Z _fx||?
[2( ! H ]Cos{l(—eJrz—-Fx)yhzm
c+d 2 2
1 2\ ™ . 1 7T o1
Cos[—(—e+——fx]) Sln[— —e+——fx](1—51n[— e+ — -
2 2 2 2

i, Sin|

N |
|
™
+
|
|
—f’
X

2

1 1 5 .
-—-m, - —, —, Sln[
2

2 -1—+m
f x ] ) ’
3
-m, - —,
2

1
2 2 2( 2
c+d) (-1+2m) AppellF1l i, i—m, -—, —, Sin 1
(c+d) ) [
2 2 2

2

2dSin[§ (—e+”—fx)}2]

c+d
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2dSin[% (—e+§—1‘:x)}2

5 o1 7T 2
= Sln[f(—e+f—fx } , ]+
) 2 c+d
(c+d) (-1+2m) AppellFl[i, i—m, —1, E, Sln[1 (—e+——fx ]2,
2 2 2 2 2

2dsin[L (-e+ 2 -fx|]

c+d

Problem 344: Result more than twice size of optimal antiderivative.

(a+asinfe+fx])" (A+BSin[e+fx])
J dx

vec+dSinfe + fx]

Optimal (type 6, 274 leaves, 9 steps):
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1 3 1 d(1+Sin[e+fx])

1 1
V2 (A-B) AppellFl|[—+m, —, =, —+m, — (1+Sin[e+fx]), -
2 2 22 2

c+dSin[e + f x]
c-d

/

Cos[e + f x] (a+aSin[e+fx])m\/

(f (1+2m) VI-Sinfe+fx] Vc+dsinfe+fx] )+

1

d(1+Sinfe+fx])

]

c-d

3 1 5 1
V2 BAppellF1[=+m, =, =, —+m, — (1+sinfe+fx]), -
2 2 2 2 2

/

. .m | €+dSin[e+ fXx]
Cos[e+fx] (a+asSin[e+fx])
c-d

(af (3+2m) v/1-sSin[e+fx] Vc+dSin[e+fx] )

Result (type 6, 1363 leaves):

1 1 Vs -2m
——Cos[—[—e+——fx]
f 2 2
-||6A (c+d) AppellFl[l, l—m, 1, =, Sln[l (—e+——fx)}2,
2 2 2 2
1 s “1+2m 1 2 1""'
Cos[—(—e+——fx]] Cos[—(—e+——fx }]
2 2 2
. 1 . 1 7T ——+m
Sln[—(—e+——fx]] [1—Sln{—(—e+——1‘:x)]) ]/
2 2 2

|+

]

c-d

2dSin[i (—e+§—fx)]

-m, —,

N R
N W

3
-2dAppellF1| =,
2

2

1 3 5 1 b
-—-m, =, —, Sln[* (—e+f—fx
2 2 2 2 2

I’

1

C

3 3
(c+d) (-1+2m) AppellF1[=, = -m,
2 2 2 2

2dsin|? (c-:f-fx)] }] st

5 o1 7T
=, =, Sin|[~ (—e+——fx
2 2

|+

+d
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[y

B

2 *%*m -t s
}] c+d72d51n[7(—e+f—fx
2 2

3 1 1
2dAppellF1[=, = -m, —,
2 2 2

} _

c+d
2dsin[L (ce+Z_fx)]?
E’ Sln[l (_e+§__|:x }2’ {2( 2 )} ]+
2 2 2 c+d
3 3 1 o1 T 2
(c+d) (-1+2m) AppellF1[=, = -m, - =, =, Sin[~ (—e+—_-Fx 1%,
2 2 2 2 2 2
2dsin[L (ce+Z_fx)]?
[2( 2 )} ] Sin[l(—e+ﬂ—fx]2J+
c+d 2 2
11 1 o1 2
6c (c+d) AppellF1|[—, —-m, —, =, Sin|[= |[-e+ —-fx|],
2 2 2 2
2dsin[L [—e+Z_fx|]? £
[2( 2 )] ]Cos[l PRI }—1+2m Cos[l e ey ]2)2m
c+d 2 2
Sin[l (_e+£_.{:x } (1_Sin[l[_e+£_fx)]2]2+mJ/
2 2 2 2
o1 7T 2 1 1 1 3
d c+d—2d51n[—(—e+——fx)} -3 (c+d) AppellF1[—, —-m, —, —,
2 2 2 2 2 2
1 ) 2dSin[l(—e+f—-Fx)]2 3
Sin[— -e+ —-fx } R 2 }+ —2dAppe11F1[—,
2 c+d 2
2dsin[t (~e+Z - fx|]?
l—I'I'l.v i: E) Sin[l (—e+£—'FX }2, [2( 2 )} ]+
2 2 2 2 2 c+d

3 3 1 5 o1 7T
(c+d) (-1+2m) AppellF1[=, =-m, =, =, Sin[ = [—e+f—fx
2 2 2 2 2 2
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]2 (a+asinfe+fx])"

Problem 345: Result more than twice size of optimal antiderivative.

J(a+aSin[e+fx])m (A+BsSin[e+fx])

dx
<c+dSin[e+-Fx}>3/2
Optimal (type 6, 288 leaves, 9 steps):
d (1+Si f
V2 (A-B) AppellFl[l+m, 2,3, 2., l(1+Sin[e+ij),- (1+sinfe~ X”]
2 272 2 2 c-d

c+dSin[e + f x] /

Cos[e + f x] (a+aSin[e+-Fx])m\/ y
c_

((c—d) f(1+2m)/1-Sin[e+fx] Vc+dSin[e+fx] )+

3 1 3 5 d(1+Sinf[e+fx]
V2 BAppellF1[=+m, =, =, = ( )
2 2 2 2

c-d

+m,

N |

(1+sinfe+fx]), -

]

. .m | €+dSin[e+ fXx]
Cos[e+fx] (a+asSinfe+fx]) /
c-d

(a (c-d) f(3+2m)~1-Sin[e+fx] /c+dSin[e+fx] )

Result (type 6, 1362 leaves):

1 1 s -2m
,—Cos[—(7e+—,fx]
f 2 2
1 1 3 3 1 2 2d51n[l(—e+—_fx)}2
~|[6A (c+d) AppellF1[=, = -m, =, =, Sin[=~ (_e+__1cx 1% ]
2 2 2 2 2 2 c+d
Cos[l (_e+£_fX]]fl+2m Cos[l [—e+_—'Fx ]ZJ{’m
2 2 2 5
Sin[l(_e+£_ij] [1—Sin{l(—e+1_fx)]2)2+m]/
2 2 2 2
Rt 7T ) 3/2 1 1 3 3
(c+d_2d51n[_ (‘e+_—fx ] ] -3 (c+d) AppellF1[=, —-m, =, =,
2 2 272 272

Sin[l[—e+£—fx)]2, 2 |+ —6dAppe11F1[i,
2 2 2
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2dsin[: [—e+Z _fx|]?
l_mJ E) E,Sin[f(—e_;.ﬁ_fXJ]z, [2( 2 )]
2 2

|+

c+d

3 3 3 5 1 n
(c+d) (-1+2m) AppellF1[=, =-m, =, =, Sin|[ = (7e+—7fx
2 2 2 2 2

2dSin[% (—e+§—1°x)]2}] st

c+d

B

1 1 1 1 n
6 (c+d)AppellF1[£, ;—m, A Sln[; (7e+571cx

2 1 1 1 3
1" |-3(c+d) AppellFl[;, ;—m, =, 5,

2 2

1 e ) 2dSin[l(—e+l—-Fx)]2
Sin| = (*H**fx 1 2 | + [-2dAppellF1|—,
2 2 c+d
1 3 s , 2dsin| (—e+ -fx)}z
~—-m, =, —,Sin[—(—e+——fx}, ]+
2 2 2 2 2 c+d
3 3 1 5 1 2
(c+d) (-1+2m) AppellF1[=, =-m, —, =, Sin[~ [—e+f—fx 1%
2 2 2 2 2

A 1 T
d [c+d—2d51n[f (—e+f—-Fx
2 2
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2dSin[% (—e+§—fx)]2

3 1 T 2
52 Sln[i (7e+77{x ] ’ }Jr f6dAppe11F1[
2 2 2 c+d
3.1 5 5 .1 7 5 2d51n[§(_e+§_fx)]z
= =-m, =, =, Sln{—(—e+——fx)] , ] +
2”2 2’ 2 2 2 c+d
3 3 35 1 .
(c+d) (-1+2m) AppellF1[=, =-m, =, =, Sin[~ [,eJr,f.FX)} )
27 2 2”2 2 2

Problem 346: Result more than twice size of optimal antiderivative.

j(a+aSin[e+-Fx])m (A+BSin[e+fx]) (c+dSinfe+fx])"dx

Optimal (type 6, 270 leaves, 9 steps):
d(1+Sinfe+fx])

]

1 1 3 1
V2 (A-B) AppellF1[=+m, —, -n, —+m, — (1+Sin[e+fx]), -
2 2 2 2 c-d

Cos[e+fx] (a+asSinfe+fx])" (c+dSinfe+fx])"

(c+dsin[j+fx} n]/ (f (1+2m) V1-sinfe+fx] )+
c7

d(1+Sinfe+fx])

]

1 5 1 ,
—,-n, —+m, = (1+Sin[e+fx]), -

2 2 2 c-d
n

Cos[e+fx] (a+aSin[e+fx])"" (c+dSin[e+fx])"

/(a-F (3+2m) v/1-Sinfe+fx] )

3
(\/7 B AppellF1| = +m,
2

-n

(c+dsin[e+fx}
c-d

Result (type 6, 1375 leaves):
71Cos[1 [7e+ T fx ]_Zm
f 2 2

1 1 3 1 2
6A(c+d)AppellF1[;, ~_-m, -n, >’ Sin|~ [—e+——fx)] s
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)

4dn AppellF1l [

N W

3 3 5 1 e
(c+d) (-1+2m) AppellF1[=, =-m, -n, =, Sin[= (7e+—7fx
2 2 2 2 2

2dSin[% (—e+§—fx)]2

c+d

B

1 1 3 A s
- 6(c+d)AppellF1[£,;—m,—l—n, g,Sln[ (—e+f—-Fx

1 1
d {—3 (c+d) AppellFl[;, ;—m, -1-n,

2dsin[t (—e+Z_fx|]?
=, Sin[l(—e+ﬁ—-Fx ]2, [2( )] | +|4d (1+n) AppellF1|
2 2 c+d
3 1 . 1 T 2 2dSln[i (*e+ 'FX)}Z
=, =-m, -n, =, Sin[ = [-e+ — - fx|]|", |+
2 2 2 2 c+d
(c+d) (-1+2m) AppellFl[z, i—m, -1-n, =, Sin[~ (—e+£—fx)}2,
2 2 2

2dSin[§ (—e+§—fx)}2

1 1 o R 2d51n[l(—e+——1‘:x)]2
AppellF1[ =, = -m, -n, ,Sin{—(—e+——fx) B ]
2 2 2 c+d
1 ~1+2m 1 2\ 2" 1 7
Cos[— —e+——Fx} Cos[— —e+——-Fx] ) Sln[—(—e+——fx]
2 2 2 2
1 2\ ;M 1 2\"
[175in[—(7e+ —Fx}] (c+d72dsin[;(7e+—7fx}] /
2
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2dsin[t (-e+ Z-fx|]?
E,Sin[l(—eJrE—fx)}z, {2( 2 H
2 2 2

|+

7
(—e+——fx
2

c+d

(c+d) (-1+2m) AppellF1]|

)

N W
N W
|
=
N
|
>
<

5
=, Sin|
2

N |

I,

2dSin[% (—e+§—fx)}2

]] (a+asinfe+fx])"

Problem 347: Result more than twice size of optimal antiderivative.
J(a+a$in[e+fx])"' (A+BSin[e+fx]) (c+dSin[e+-Fx])’1’"'d1x

Optimal (type 6, 277 leaves, 7 steps):

1 . ] 1 1 3 (c-d) (1-Sinfe+fx])
- 2:™"a (A-B) Cos[e+fx] Hypergeometric2F1[ =, —-m, =, ]
(c+d) f 22 2 2 (c+dsin[e+fx])
Im

(c+d) (1+Sinfe+fx])

c+dSin[e+fx]

2

(a+aSin[e+fx]>1*”‘[ (c+dsinfe+fx]) ™"+

3 1 5 1 d (1+Sinf[e+fx]
(\EBAppellFl[—er, =, 1+m, —+m, = (1+Sinfe+fx]), - ( )
2 c-d
mJ/

}

2 2 2

c+dSin[e+fx
Cos[e + f x] (a+aSin[e+-Fx])1”"(c+dSin[e+fx}>fm( + [e+fx]
c-d

(a (c-d) f(3+2m)~/1-Sin[e+fx] )

Result (type 6, 1020 leaves):

1
——Cos[
.F

N |

Tt -2m 1
—e+——fx]] 2ACos[
2 c+d

N |

] -1+2m

s
(—e+——-Fx Cos[
2

N |

N

3 (c—d)Sin[%(feJr’zlffx)}

2 ced-2dsin[[-e+ 2 -fx]]?

e

Hypergeometric2Fi |

N |

)

N |

2

1

[_ (c+d) (—1+Sin[% (—e+ X)12>sz [C+d_2dsin[% (_e+§_fx]]2)*m+

c+d-2dsin[L (-e+ 2 -fx|]

N

-+

B |-

2 cCos| (—e+£—fx)yl+2m

2

Cos|

N R

—
I
(0]
+
N
I
-+
x

-
-

_
1

3

N |

d<c+d>



Mathematica 11.3 Integration Test Results for 4.1.3.1 (a+b sin)~m (c+d sin)~n (A+B sin).nb | 255

Hypergeometric2F1| —,

N\I—‘
N R
|
=
S

2

[_ <C+d) (—1+Sin[% (—e+

crd-2dsin[l (-e+ - fx]]

sl 5 st e 2o

12> ]zm (c+d_2dsin[§ [—e+§_fx)]2]’m+

2dSin 1 —e+ X _fx 2
6(C+d)Appe11F1[l,1_meJ i,Sin[l(_eJrﬁ__FX]]z [2( ) )]

c+d
1 “1+2m 1 ~-m 1 T
Cos[— —e+——Fx} Cos[— —e+——-Fx] ) Sln[—(—e+——fx]
2 2 2 2
1 2 —%Hﬂ . 1 2 -m
[1751n[— (7e+ -fx|] ] (c+d 2d51n[£ (7e+—7fx ] ] /
2
1 1 2
[d [3 (c+d) AppellF1[ =, N m, m, ,Sln[; —e+ —-fx|]|,
2dsin[L (-e+2-fx)]°

} _

3 1
-4dmAppellF1[ =, = -m, 1+m,
2 2

2dsin[t (~e+ 2 -fx|]?
E,Sin[l(-uz-fx)}z, HEFL] ] +
2 2 2

c+d
3 3 5 o1 7T
(c+d) (-1+2m) AppellFl[ =, =-m, m, =, Sin[ = [-e+ — - fx|]|’,
2 2 2 2 2
2dsin[? (-e+ Z-fx]]® 1
2 2 ] Sin[—(—e+——fx (a+asinfe+fx])"
c+d 2
Problem 348: Unable to integrate problem.
J(afasin[eJr-Fx]) (a+asinfe+fx])" (c+dsinfe+fx])"dx
Optimal (type 6, 132 leaves, 4 steps):

d (1+Si f
—2x/?AppellF1[1+m,fl,fn,i+m,l(1+sin[e+1¢xj),f (1+sinfe~ X”}
f(1+2m) 2 2 2 2 c-d

. . 1om . h(C+dSin[e+fx]\™"
Sec[e+fx]vV1-Sin[e+fx] (a+asinfe+fx] )" (c+dSin[e+fx])

c-d
Result (type 8, 38leaves):
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J(a—aSin[ewa]) (a+asinfe+fx])" (c+dSinfe+fx])"dx

Problem 349: Unable to integrate problem.

J(a—aSin[eﬂcx]) (a+aSin[e+fx}>"‘ (c+dSin[e+fx])’1’md1x

Optimal (type 6, 139leaves, 4 steps):
d (1+Sin[e+fx])

1 1 3 1
2+/2 AppellF1[=+m, - =, 1+m, —+m, — (1+sinfe+fx]), -
2 2 2 2 c-d

Secle+fx]/1-Sin[e+fx] (a+aSin[e+fx])""

(c+dsinfe+fx]) C*"Si"[e*‘cx])m)/ ((c-d) £ (1+2m))

]

c-d

Result (type 8, 42leaves):

j(afasin[eﬂcx]) (a+asinfesfx]|" (c+dsin[esfx]) > "dx

Problem 353: Result more than twice size of optimal antiderivative.

j(A+BSin[e+fx]) (c+dsinfe+fx])>? 4
X

(a+bsinfe+fx])>?

Optimal (type 4, 840 leaves, 7 steps):
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[(c—d) Vc+d (2Ab*c-2abBc-2aAbd+3a’Bd-b’Bd)

va+b \/c+dSin[e+ fx] (a—b) (C+d)

EllipticE [ArcSin|

15

Vc+d Va+bSin[e+fx] (a+b) (c-d)

\/ (bc-ad) (1-Sin[e+fx]) \/ (bc-ad) (1+Sinfe+fx])

| secfe + fx]

<a+bSin[e+-Fx}>/
(c+d) (a+bsin[e+fx]) (c-d) (a+bsSin[e+fx])

((a-b)b2Varb (bc-ad)f| st /c-d (3bBc+2Abd 3aBd)

b>Va+b f
b d i -b d
EllipticPi| (e ),Ar‘cSin[\/aer Verdsinfe: fx] ] (2-b) (c- >]Sec[e+fx}
(a+b)d \c+d v/a+bSin[e+fx] (a+b) (c-d)

(a+bSin[e+fx}) +

\/ (bc-ad) (1-sSinfe+fx]) \/ (bc-ad) (1+Sinfe+fx])

(c+d) (a+bsSin[e+fx]) (c-d) (a+bsin[e+fx])

2 (Ab-aB) (bc-ad) Cos[e+fx]/c+dSin[e+fx]

b (a?-b2) fy/a+bSin[e+fx]

((2Ab (bc-ad)-B(2abc-3a’d+b’d)) Cos[e+fx]Vc+dSin[e+fx] )/
(b (a*-b?) fy/a+bSin[e+fx] )+

[M(zAb(b(czd)+ad)B(3a2d6abd+b2 (2c+d)))

Je+d vVa+bSinfe + fx] ]
Ja+b v/c+dSinfe + fx] ’ (a*b) (C+d)

(bc-ad) (1-Sinfe+fx])
Sec[e + f x]
(a+b) (c+dsinfe+fx])

(a+b) (c-d)

EllipticF|[ArcSin|

]

J(bc—acﬂ LesinferfX) L dsinges £x) / ({a-b) b Verd ¢

(a-b) (c+dsinfe+fx])

Result (type 4, 2012 leaves):
7((2 (Ab®cCos[e+fx] -abBcCos[e+fx]-aAbdCos[e+fx] +a’BdCos[e+fx])

Vc+dsinfe+ fx] )/(b (-a%+b?) £+/a+bSinfe+fx] )) +

1
2(a-b)b(a+b) f

-||4(-bc+ad) (2aAbc*-2b*Bc*-2Ab*>cd+2abBcd+a’Bd*-b’Bd?)
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+
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) /
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(a+b) Csc“— (—e+;—f x) V (c+d Sin[e+fx])
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ArcSin| , | secre + fx]
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c+d) Csc[L[—e+Z_fx)]? a+bSin[e+ fx]
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)]4\/ (c+d) Csc[i (—e+§—fx)]2 (a+bsin[e+fx])

-bc+ad

-bc+ad

\/[ (a+b)Csc[i(—e+§—-FxH2(c+dSin[e+-Fx]) /

(<a+b> dva+bSin[e+fx] /c+dSin[e+ fx] )

Problem 354: Result more than twice size of optimal antiderivative.

dx

J<A+Bsin[e+fx]) Jc+dSinfe + fx]

(a+bsinfe+fx])>?

Optimal (type 4, 630 leaves, 5steps):
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(a+b) Csc[% (42+Z——'FXH2 (c+d Sin[e+f x])
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N |
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2

a+b
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2 (-b d
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i b dSi f
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2
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-bc+ad

\/[ <a+b>Csc[i(—e+§—-Fx)}2(c+dSin[e+-Fx]) /

(<a+b> (c+d) Va+bsin[e+fx] Vc+dSin[e+fx] )—

2

c+d) Cot[L [-e+Z-fx _
(bc+ad)\/( ) cot[; [e+ 5 -¥¥)] EllipticPi[M, ArcSin|
—c+d <a+b>d

\/ (a+b) Csc{% (—e+§—fx”2 (c+dSin[e+fx])

_bc+ad 2(—bc+ad)
]; Sec[e + f x]
V2 (a+b) (—C+d)
1 - . @+d)&cﬁ%7e+§ffxﬂz(a+bﬁnM+fo
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Problem 355: Result more than twice size of optimal antiderivative.

A+BSin[e + f x]
J dx
(a+bsinfe+fx])**~/c+dSin[e+fx]

Optimal (type 4, 417 leaves, 3 steps):
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Problem 356: Result more than twice size of optimal antiderivative.

J A+BSin[e+ fXx] q
X
(a+bsSinfe+fx])>? (c+dsinfe+fx])>?

Optimal (type 4, 544 leaves, 4 steps):
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(c+d) (a+bsSin[e+fx])

1 (c+d)Cot[l(—e+1—-Fx)]2
—2(-bc+ad) [[((a+b)c+ad) 2 2 E1lipticF|
bd -c+d

(a+b) Csc“— (—e+§—+‘ x) V (c+d Sin[e+fx])

N _bcead 2 (-bc+ad)

ArcSin| s | secie+fx]
2 (a+b) <7C+d>
c+d)Csc[t(—e+Z_Fx|]? a+bSinfe+fx]

Sln[1 —e+ —-fx ]4\/( ) [2( 2 )] ( )

2 -bc+ad

\/[ <a+b>Csc[§(7e+§7fx)}2(c+dSin[e+Fx]) /

-bc+ad

(<a+b> (c+d)Va+bsin[e+fx] Vc+dSin[e+fx] )7
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crd)Cot[t [cesZ_£x|]? ~
(bc+ad) ( ) [2 ( 2 )} EllipticPi[M, ArcSin|
c+d (a+b) d

-bc+ad

\/ (a+b) Csc% (—e+§—f x) ]2 (c+dSin[e+fx])

] 2 (-bc+ad)

V2 (a+b) (-c+d)

Sec[e + fx]

[—e+§—fx)]4\/ (c+d) Csc[% (—e+§—fx)]2 (a+bsinfe+fx])

-bc+ad

-bc+ad

\/[_ <a+b>CscE(—e+§—fx)}2(c+dSin[e+fx]) /

(<a+b) dvVa+bsin[e+fx] Vc+dsin[e+fx] )

Problem 357: Result more than twice size of optimal antiderivative.

J A+BSin[e+ fXx] q
X
(a+bsSinfe+fx])>? (c+dsinfe+fx])*?

Optimal (type 4, 858 leaves, 5 steps):
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2b (Ab-aB) Cos[e+fx]

+

(a2-b?) (bc-ad) f/arbSin[e+fx] (c+dSin[e+fx])>?
(Zd (A(a®d®>+b*(3c*-4d*)) -B(a*cd-b>cd+3ab (c®>-d*))) Cos[e+fx]

Na+bsSinfe+ fx] )/(3 (a?-b?) (bc-ad)? (cz—dz)f(c+dSin[e+fx})3/2) +
1
3va+b (c-d)? (c+d)*? (bc-ad)*f
2 (B(2a’bcd (3c?-d?) -2b’cd (3c2-d?) -a’d® (c?+3d?) +ab? (3c*-5c?d*+6d*)) +
A(4a’cd®-4ab’cd’-a’bd® (9c*-5d*) -b® (3c*-15c*d*+8d*)))
Ve+d Va+bSin[e+fx] ] (a+b) (c-d)
Va+b \/c+dSin[e+ fx] ’ (a-b) (c+d)

\/ (bc-ad) (1-sSinfe+fx]) \/ (bc-ad) (1+Sinfe+fx])

EllipticE [ArcSin| | secfe+fx]

(c+dsinfe+fx]) -
(a+b) (c+dsinfe+fx]) (a-b) (c+dsSin[e+fx])

2 (B(a?d* (c+3d) -b?c (3c*+3cd-2d*)-6abd (c*-d?)) -

A(azd2 <3c+d) -6abd (cz—dz) +b? (3c3—9c2d—6cd2+8d3)))
Vc+d Ja+bSin[e+fx] } (a+b) (c—d)
Va+b \/c+dSin[e+fx] ’ (a—b) (C+d)

\/ (bc-ad) (1-sinfe+fx]) \/_ (bc-ad) (1+sinfe+fx])

(a+b) (c+dsinfe+fx]) (a-b) (c+dsinfe+fx])

EllipticF[ArcSin| | secre+ fx]

(c+dsinfe+fx]) /

(3Vasb (c-d)? (c+d)*? (bc-ad)’F)

Result (type 4, 2807 leaves):

1
“+/a+bSin[e+fx] /c+dSin[e+fx]
.F

2 (Ab*Cos[e+fx] -ab*BCos[e+fx]) 2 (-Bcd?Cos[e+fx] +Ad*Cos[e+fx])

_ . _
(a2-b?) (-bc+ad)® (a+bSinfe+fx]) 3 (bc-ad)?(c2-d?) (c+dsSinfe+fx])?
(2 (6bBc*d*Cos[e+fx] -9Abc*d’Cos[e+fx] -aBc?d’Cos[e+fx] +4aAcd*Cos[e+fx] -

2bBcd*Cos[e+fx] +5Abd> Cos[e +fx] —3aBd5Cos[e+-Fx])>/

(3 (bc-ad)? (cz—dz)2 (c+dSin[e+fx])) +

1
3 (a-b) (a+b) (c—d)z (c+d)2 (—bc+ad)3-F

1

(a+b) (c+d)Va+bSin[e+fx] c+dSinl[e+fx]
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(a+b) Csc“— (—e+%—‘F x) V (c+dSin[e+fx])

-bcrad 2(—bc+ad>
Ar‘cSin{ L ]Sec[e+fx1
\/? (a+b) (—C+d>
c+d)Csc[t(-e+Z_Ffx 2 a+bSin[e+ fx]
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(a-b) (c+d a+bsSinfe+fx]
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Summary of Integration Test Results

358 integration problems

A - 185 optimal antiderivatives

B - 83 more than twice size of optimal antiderivatives
C - 72 unnecessarily complex antiderivatives

D - 16 unable to integrate problems

E - 2integration timeouts



